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Time-Frequency Aspects
of Nonlinear Fourier Atoms

Qiuhui Chen, Luoqing Li and Tao Qian

Abstract. In the standard Fourier analysis one uses the linear Fourier atoms
{ei"t : n € Z}. With only the linear phases nt Fourier analysis can not
expose the essence of time-varying frequencies of nonlinear and non-stationary
signals. In this note we study time-frequency properties of a new family of
atoms {emea(t) : n € Z}, non-linear Fourier atoms, where a is any but fixed
complex number with |a| < 1, and df,(t) a harmonic measure on the unit
circle parameterized by ¢t. The nonlinear Fourier atoms {einea(t) :n € Z} were
first noted in [12] with some examples and theoretically studied in [8]. In this
note we show that the real parts cos,(t),|a| < 1, form a family of intrinsic
mode functions introduced in the HHT theory [5]. We prove that for a fixed
a the set {e%(*) . n € Z}, constitutes a Riesz basis in the space L?([0, 27]).
Some miscellaneous results including Shannon type sampling theorems are
obtained.

Mathematics Subject Classification (2000). Primary 94A12; Secondary 42C15.

Keywords. Nonlinear Fourier atom; Hilbert-Huang transform; time-frequency
analysis; sampling theorem.

1. Introduction

The frequency of non-stationary signals varies with time. The traditional Fourier
analysis, however, can not expose the time-varying property of frequency of non-
stationary signals. This is due to the basic fact that in Fourier analysis a general
signal is superposition of harmonic waves of which each has a constant frequency.

Recently Norden E. Huang [5] presented a new time-frequency method for
nonlinear and non-stationary signal analysis: Hilbert-Huang Transform (HHT).
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SRF for ROCS, SEM. Luoqing Li is supported in part by NSFC under grant 10371033. Tao Qian
is supported by University of Macau under research grant RG065/03-04S/QT/FST and Macao
Science and Technology Development Fund (FDCT) 051/2005/A.
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By using the algorithm of Empirical Mode Decomposition(EMD), any multi-
component can be decomposed into a finite sum of intrinsic mode functions (IMF's),
which are essentially of mono-component. Based on the EMD decomposition, fur-
ther treatments can be done under the framework of the ideal time-frequency
analysis. The notion of IMF defined by Huang plays a crucial role in the HHT the-
ory. The original definition of IMF's is an engineering description: The occurrences
of local maximums and minimums take turn, and between a pair of adjacent local
extremes, the signal is monotone and passes through the zero once, and is of the
local symmetry, i.e. the mean of a upper and an adjacent lower envelope based on
the local extremes, respectively, is of the zero value. Experiments show that IMFs
behave nicely with Hilbert transformation and offer meaningful instantaneous fre-
quencies. IMF's are considered to be essentially of mono-component discussed in
the notion of instantaneous frequency [2]. Based on the Bedrosian [1] and Nuttall
[6] theorems a natural question occurs: For an amplitude - frequency modulation
(AM and FM) signal f = a(t)cosf(t), under what conditions on a and 6 the
associated quadrature signal a(t)ew(t) becomes analytic?

In [8], Qian proves that a strictly increasing function 6(t),¢ € [0,2n] with
m(0([0,27])) = 27 gives rise to an analytic signal e?*®) if and only if df(t) is
a harmonic measure on the circle, and this result has a counterpart for strictly
increasing functions ©(s) with m(©(R)) = 27 on the whole real line. In this note,
we explore some time-frequency aspects of the family of the new nonlinear Fourier
atoms {e"%(®) . n € Z}, |a| < 1, where df,(t) is a harmonic measure, that is, the
derivative of ,(¢) is the Poisson kernel (see §2). For further development of the
theme the reader is recommended to [10] and [11].

In section 2, we show that cos,(t) is of mono-component. That essentially
means that 0/, (t) > 0, the Hilbert transform of cos 6, (¢) is sin 6, (¢t), and ,(t) can
be decomposed into a sum of a linear part and a nonlinear but periodic part. In
section 3, we prove that {e™%(*) : n € Z} forms a Riesz basis of L?([0, 27]), with
the Riesz bounds }J_rllgll }fIZI Section 4 mainly concerns sampling theorems
in relation to this new family of atoms.

Before we start there is one point to note. Functions studied in below some-
times are defined on the unit circle, or equivalently on intervals with length 27
with equal function values at the two ends of each of such intervals; and some-
times are defined on the whole real line but 27-periodic. These two cases should
be clearly distinguished, especially when dealing with certain operators acting on
function spaces. For instance, images of Fourier transformation operator on the
first type of functions are Fourier series, and the involved integral regions in that
case are intervals of length 27. Correspondingly, when we deal with the first type of
functions, then the Hilbert transformation is H (see §2); and for the second type,
the Hilbert transformation is . In order to avoid the ambiguity we shall clearly
note which case we are working with, but we do not assign special notations for
the two types of functions.

and
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2. Nonlinear Fourier Atoms and Behavior with Hilbert Transform

We start our discussion with the Mdbius transformation
z—a

zZ) =
7a(?) 1—az

that is a conformal mapping one to one and onto from the unit disc to itself with
the condition 7(a) = 0. Define 6,(t) by

it
i0a(t) _ AL
€ Ta (6 ) 1 — qeit’
Note that 6, is defined on the unit circle and its derivative is the Poisson
kernel (see [4] or [8])

0. (t) = pa(t) = L Jaf® :
“ 1 —2|a| cos(t — t,) + |al?

The function 6, may be continuously extended to the whole real line with
the property 60,(t + 2m) = 6,(t) + 2 whose derivative p,(t) is continuous and
27-periodic. In this section, unless otherwise stated, we shall treat 6, as defined in
the whole real line. The corresponding period functions e*% () & > 0, except for
the trivial case a = 0 corresponding to e*¢? of the linear phase £t, are not included
in the general form of Picinbono [7]. Indeed, the derivatives of the phases of the
signals in [7] are sums of the Poisson kernels on the real line and therefore not
periodic. The atomic case of Picinbono was studied in [8].

Let a = |a|e’*s. Then

00 _ et _q _ eit — |qleita _1- |a|ei(ta=t) it _ A(t) it
1 —ae't 1 — |ale~taeit 1 — |a|ei(t=ta) Aty
where A(t) = 1 — |ale*==*). By noting that
|a| sin(t — tq)
1 —|alcos(t —ta)’

ArgA(t) = arctan

we get the explicit expression

la| sin(t — t4)
1 — |a]cos(t —tq)"
Note that the first part is linear and the second part is periodic, and such a
decomposition is unique.

It is interesting that the signal cos 6, (¢) is a mono-component with frequency
modulation. To see this, we need to show that its Hilbert transform is the corre-
sponding sine function sin 0, (¢).

The circular Hilbert transform ([4]) of a function f = 3" cxe’t* € L2([0, 27])

kEZ
is defined by

0,(t) =t + 2arctan (2.1)

Hf(t) = —i Z sgn(k)cpet*t.

kEeZ
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It has a singular integral expression

~ 1 [" t—s
Hf(t) = Vo B cot ( 5 )f(s)ds, a. e.
On the other hand, the Hilbert transform for a function f on the real line is
formally defined by

Hf(t) = v.p%/_ tf(_—slds.

The Bedrosian Theorem says that if f is a real-valued signal of low frequen-
cies and g is real-valued of high frequencies, then H(fg) = fHg. In accordance
with the Bedrosian Theorem, it has been well accepted that if H (a(t) cos ¢(¢)) =
a(t)sin ¢(t) and ¢'(t) > 0, then meaningful instantaneous amplitudes and frequen-
cies may be defined through the amplitude-frequency modulation signal s(t) =
a(t) cos ¢(t). In the case we regard s(t) as of mono-component [2]. The following
theorem states that cosf(t) is a mono-component with constant amplitude.

Theorem 2.1. (i) Treating cosf,(t) as a function defined on the unit circle, we
have

H cos B, (t) = sin b, (t);
and (i) Treating cos 0, (t) as a 2w-periodic function on the whole real line, we have

H cos b, (t) = sin b, (t).

Proof. The proof of (i) is contained in [8] and [12]. To make the current paper self-
contain we present an outline of the proof. Note that 7,(z) is an analytic function
and e'%(*) its boundary value. We therefore have

+oo
eiea(t) _ § Ckeikt
k=0

for a fast decay sequence {cj : k € Z}. By the definition of the circular Hilbert
transform, we have

20 — = ik)z_- i0a() _ o)
H(e t) Z(,;Cket z(e ¢ C())

This concludes H cos 0, (t) = sin 6, (t).

Now we prove (ii). First note that in the Riemann improper integral and
principal value sense the Hilbert transformation is well defined for the oscillatory
function cos 6, (t). By the definition of the Hilbert transform, we have

1 [~ 1 17 & 1
p.v.f/ tcosﬁa(t)dt = p.v./0 :Z_ mcosﬁa(t)dt

TJ o T — e

k
1 [ —t
= Dp.v. 27r/0 cot <x2> cos 0, (t)dt,
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where we used the identity limy_s o ZkN:_ N m = cot ( ) which may be
found, for instance, from [9]. Then the conclusion of (i ) 1mphes that of (ii). The
proof of Theorem 2.1 is complete. O

We offer an explicit representation for the function cosf,(t). First, by (2.1),
we get, that

in(t — t,
cosf,(t) = cos (t + 2arctan laf sin( ) )

1 —|a| cos(t — ta)

in(t —t
os | 2 arctan lal sm( ) cost
1 —|a| cos(t —ta)

in(t —1¢
— sin | 2arctan laf sin( a) sint.
1 —|a| cos(t — ta)

1—tan®t

Second, using the formulas cos 2t = { TtanTt and sin 2t = %, we have
1— ( Ialasxéxo(t ta) ) la| sin(t—tq)
cosf,(t) = 1-lafcos(t—ta) 1-[afcos(t—ta) 5 sint
|a| sin(t—t,) |a| sin(t—t,)
1+ (1 |as|cos(t t )) 1+ (1 |as|cos(t—ta))
(1 — |a| cos(t — t4))* — (|| sin(t — t,))?
(1 —|a| cos(t — ta))2 + (Ja| sin(t — ta))2
2 t—1tq) (1 — t—t, .
el ) (el
(1 —la|cos(t —t4))” + (Ja| sin(t — t,))

Finally, through a direct computation, we have

cost (1 — |a] cos(t — t4))* — cost (|a| sin(t — t4))*
(lal sin(t — £2))% + (1 — Ja] cos(t — t))?
2|a|sintsin(t — t,) (1 — |a| cos(t — t,))
(lalsin(t — t4))* + (1 — |a| cos(t — ta))*
cost (1 — 2|al cos(t — to) + |al?cos 2(t — t,))
1+ |a|? — 2|a| cos(t — t4)
2|a|sintsin(t —t,) + |a|?sintsin 2(t — t,)
a 1+ |a|? — 2|a| cos(t — t4)
cost — 2|a| (cost cos(t — t,) + sintsin(t — t,))
1+ |al? — 2|a| cos(t — tq)

cosf,(t) =
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|a|? (costcos2(t — t,) + sintsin2(t —t,))
1+ |a|? — 2|a| cos(t — tq)
cost — 2|al cost, + |al? cos(t — 2t,)
1+ |a|? — 2|a| cos(t — t4)

In particular, when a is a real number less than 1, cos,(t) can be simplified into
1+ |al?) cost — 2|al

put) = |
cos fa(?) 1+ |a|? — 2|a| cost

3. Nonlinear Fourier Atoms as Riesz Basis

With the notation ¢/, = p,, p.(t) being the Poisson kernel, we have py = 1. There
hold the estimates for p, :

Define

2
2 = . T . 2 0 .
Lpauo,zw])—{f.[o,z]% / () 2pa(t)dt < }

It is a Hilbert space equipped with the inner product

27

(£,9),, = ; f(®)g(t)pa(t)dt

£l = ( / " |f<t)|2pa<t)cu)é |

Note that for a = 0 the space L2 ([0, 27]) reduces to the classic case L*([0, 27])

and the norm

1
with the norm || f|| = ( 027'( lf (t)|2dt) *. We have the equivalence between the two
norms

1—|a 1+ |al

. 3.1

— S (3.)

Note that all the function sets L2 ([0, 2n]), a| < 1, are identical with different but

equivalent norms. Through change of variable the classical Carleson’s Theorem
reduces to the assertion (also see [8]) that for any f e L2 ([0, 2x]),

£ = S (fem® 0, ae,

nez

<0 llpa <

The identity of the function sets then implies that the last equality also holds
for functions in f € L?([0,27]). That is, the standard square integrable functions
can be approximated by the nonlinear Fourier atoms with the weighted Fourier
coefficients ¢ (f).
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Theorem 3.1. For any fized a the system {e™%() . n € Z} forms a Riesz basis of

L2([0,27]) with the upper bound }f—m and the lower bound }-_ngll’ i.e.

3 cjelite®)

JEL

*_ 1+ld

~ 11—

1 —|af
1+ |al

e} II* < H{es} 117 (3.2)

for any 0%~ sequence {c; : j € Z}.

Proof. Note that {\/%einea(t) :m € Z} is a weighted orthonormal system with the
weight p,. This implies the Plancherel identity:

A2, =" e,
JEZ

where f € L2 ([0,27]) and the Fourier coefficients ¢}(f) = <f, \/%eijea(t)>
Pa
The Plancherel identity then implies that for any sequence {c; : j € Z} € £ th

function
F(£) = ;e M teo,2n],
JEL
is well defined and belongs to L2 ([0, 27]), and, further for j € Z, ¢§(f) = ¢;. Since
f also belongs to L?([0, 27]), the equivalence (3.1) of the two norms of f together
with the Plancherel identity in L2 ([0, 27]) then gives the relation (3.2). O

4. Shannon Type Sampling Theorem

For any function f € L?(R), the generalized Fourier transform is defined by

~

= [ e Opueyar (4.1

where both 6, and p, are 2m-periodic extensions of the corresponding functions
on the unit circle. Note that when a = 0, it is the classic Fourier transform

fo— L [T e

In the distribution sense, we can check that the generalized Fourier transform
of cos ,(t) is 5 (6(¢ — 1) +6(£ + 1)). The inverse formula of (4.1) is

£(t) = % / T o), (4.2)

Theorem 4.1. Suppose that suppf® C [—Q,Q]. Then

fm=>"r (9;1(71%)) Si?égj(“tgt)_ ;:;T ). (4.3)
nez
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Proof. Since ]?“ has compact support in [—, Q], we can represent ]?“ by its stan-
dard Fourier series

nez

Q o 0o o
=55 | TOenRae = oo [ Frepenhas

By invoking the inverse formula (4.2), we have

where

zge ng)) d¢

Cp, -

e |
V2T ., T
- 20 (9 (”5))'

It then follows that

) = o= [ Froeea

Q

Since the series for ]?“ converges also in L'([0,27]), interchanging the order of
integration and summation leads to

f(t) _ 7;2]0 ( g ) /j; %eii(ea(t)—n%)dg
7\ sin(Q0,(t) — nmw
- %f( 5) éea(tgt)_m 2

O

The convergence speed of the new sampling theorem can also be improved
through over-sampling. To this end, we choose an arbitrary function g such that
supp g C [—4, §] with § = IQ for some positive integer [ > 1, and g =1 on [—-Q, Q].
Thus, ]?‘Vg\ = ]?“ Note that ]?“ has the Fourier series expansion ]?“ = ZnEZ s
with ¢, = ‘/ﬂf (9 1 ( )) . Hence

T A P TR

4
- = | Feaee i
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= [ (05)) e e
T nez

= Zf (6;1 (n%)) \/% 56 %,g\(f)eiﬁ(ea(t)—n%)dé
nez —

RN x
= ;Zf (61 (n5)) o9 (6a®) ~ ;).

If, in particular, we choose § = (1 + A\)Q and g being

1, gl <9,
g =3 1-E22 a<jg <+,
0, €l = (1 + )9
Then
(t) = 4 sin (tQ(1+ 3)) sin (t5)
g ) - /727_(_ )\Qt2 )

and we have

ft) = %f (951 ((147‘”;\)9>> G <9a(t) - (147_”;)9> ; (4.4)
where
o sin ((0a(t) = (25e)20 + ) sin (0a(t) — 1 750) D)

Gi(z) = 1+ N0 AQ(0,(t) — ﬁy

Note that (4.3) may be obtained by letting A — 0 in (4.4).

To end this note we point out that the standard Poisson summation formula
may be generalized to the nonlinear Fourier atoms.

Denote by Lga (R) the Hilbert space of square integrable functions on R with
respect to the periodic weight function p,(t). Let f € Lga (R) and set

F&) =" f(t+2km).

keZ

Then f € L2 ([0,27]), and
F) = 3 cgeont
kEZ
We now show that

~

f4(k) =c}, kis any integer.
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In fact, as in the standard case, for k € Z

~

P = [0 opa o
2m
_ 127”;2 /0 400 (4 4 2o (£)dt

1 27 .
- = / e0) N f(t + 2nm)pa (t)dt
0

nez

2
- % / e0a0) F{t)po (t)dt
m™Jo

= cj.

We thus have f(t) = >, c, Fo(k)ei*0e(t) Let t = to, where 4(to) = 0, this last

relation becomes R
> flto+2km) =Y f(k),

keZ k€EZ
the new Poisson formula.
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Mono-components for Signal Decomposition

Tao Qian

Abstract. In relation to the study of instantaneous frequency, HHT and the
EMD algorithm in signal analysis people have been trying to find solutions
of the eigenfunction problem: Find f(t) = p(t)ew(t) such that Hf = —if,
p(t) > 0 and 0'(t) > 0,a.e., where H f is Hilbert transform of f. This ar-
ticle serves as a survey on some recent studies, and presents some new re-
sults as well. In the survey part we first review the systematic study on the
unimodular case, and then give a detailed account on a fundamental class
of non-unimodular solutions, called H-atoms, in terms of starlike functions
in one complex variable. As new result we construct certain circular mono-
components that do not fall into the category of H-atoms but of the form
p(t)e®*®  where p(t) > 0, and e« is some Fourier atom, as well as those
of the form p(s)e’®=(*)| where e'?*(*) is one on the line induced from some
Fourier atom under Cayley transform.

Mathematics Subject Classification (2000). Primary: 30D55, 31A20, 31C05;
Secondary: 42A50, 42B20.

Keywords. Analytic signal, instantaneous frequency, Hilbert transform, Md&bius
transform, mono-component, empirical mode decomposition, HHT (Hilbert-
Huang transform), starlike functions.

1. Introduction

In signal analysis one has been trying to understand, for a given signal, what are
its instantaneous amplitude, instantaneous phase, and instantaneous frequency. A
signal, denoted by f(t), is assumed to be a real-valued locally (Lebesgue) integrable
function. A common approach to find the instantaneous objects is as follows. One
first introduces the associated analytic signal, Af(t) = f(t)+¢H f(t), where H f is

The work was supported by research grant of the University of Macau No. RGO079/04-
05S/QT/FST and Macao Science and Technology Development Fund 051/2005/A.
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the Hilbert transform of f, being assumed to exist. Hilbert transform is formally
defined by the principal value singular integral

Hf(t) =p.v.7lr/_o:O

which has the Fourier multiplier form

i) = 5 [ e (isen(e) Fle)de,

f(s)

t—s

ds,

:% .

where Fourier transform is defined by

fo=[ e
and sgn is the signum function that takes value 1 if £ > 0; and —1 if £ < 0.

The function Af may be written in the form Af(t) = p(t)e?*®, with p(t) > 0,
a.e. Consequently,

f(t) = p(t) cos O(¢). (1.1)

Due to the relation H? = —I, where I stands for the identity operator, Af satisfies
the relation

H(Af) = —iAf, (1.2)
which is equivalent to

H{(p(-) cos 0(-))(t) = p(t) sin O(2). (1.3)

With the uniquely determined modulation (1.1), one calls p(t) and 6(¢t) the
instantaneous amplitude and instantaneous phase, respectively, provided ¢'(t) >
0, a.e. Should the requirement be met, the function €’(t) is defined to be the
instantaneous frequency. Unfortunately, the requirement 6’ > 0 can hardly be
met, and the definitions of instantaneous amplitude, phase and frequency via the
associated analytic signal Af can be erroneous.

In a related aspect, in [9], Huang proposed an algorithm, called Empirical
Mode Decomposition, to decompose a signal into a sum

f() = Z pi(t) cos 6;(t), (1.4)

where each entry of the sum is expected to be a real-mono-component (see defi-
nition in §2). He also obtained numerically rapid convergence. As a new type of
signal decomposition Huang’s algorithm appears very effective in practice, and has
attracted a wide attention. On the other hand, the algorithm suffers for it does
not always result in the desired decomposition in terms of mono-components. A
mathematical formulation providing precise concepts and a related approximation
theory is desired.

In [13], [17], [14], [15], a systematic study on the unimodular case p = 1 is
carried out. In a recent paper [16] the study of the unimodular case is extend to
the general non-unimodular case. We found that the well established theory of
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starlike functions in one complex variable best fits our purpose. Boundary values
of starlike functions provide easily accessible circular mono-components.

The writing plan of the paper is as follows. §2 contains notation and termi-
nology related to the eigenfunction problem. It also contains a discussion on dual
mono-components. In §3 we deal with unimodular solutions of the problem. We
introduce Fourier atoms and finite Blaschke products. In §4 we exam the relations
between the solutions and the boundary values of functions in Hardy HP spaces.
Based on the unimodular solutions in §3, through elementary conformal mappings,
we construct a large class of unimodular solutions. In §5 we present an important
and fundamental class of solutions, called H-atoms, that is identical with a class
of starlike functions in one complex variable. This, in particular, gives rise to a
large class of solutions with the non-unimodular case. In §6 we construct some new
types of mono-components, that do not fall into the category of H-atoms, but of
the form p(t)e??=(!) where p > 0 and e?%*(*) is a Fourier atom, as well as those of
the form p(t)e*®«() where e'?+(!) is a mono-component on the line induced from
a Fourier atom under Cayley transform.

We note that, apart from §6, all the other section §2, §3 and §4 serve as a
survey of the main results obtained in [17], [14], [15] and [16].

The author wishes to acknowledge his sincere thanks to Sheng Gong who
kindly recommended comprehensive references in complex analysis, including star-
like functions in one and several complex variables. The author wishes to thank
Qiu-hui Chen and Luo-qing Li, for their collaborations in this subject, especially
in [17], and in some related work in relation to wavelets ([2], [3]), and the inspiring
discussions from time to time. Sincere thanks are due to Jing-xin Yin and Gui-fang
Xie for their very kind and constant help in supplying the author the necessary
references.

2. Notation and Terminology

Denote by S for S = ID or S = @, the earlier being the open unit disc and the
latter being the upper-half complex plane. In this notation Hg stands for Hg+ or
Hp, where Hg+ is the standard Hilbert transformation, H, on the line, and Hp is
the circular Hilbert transformation, often denoted by H , on the circle. The circular
Hilbert transformation is defined through
Hf(t) = p.v.i cot(t s
2w 2

—T

)f(s)ds

with the Fourier multiplier form based on the Fourier expansion of f(t) :

o0 o0

Hf(t) = Z’ — isgn(k)cre™,  f(t)

k=—o00 k=—o00

I
)
=
)
s
kol
o~

Let f be an eigenfunction of the circular or non-circular Hilbert transforma-
tion Hs. Then Hsf = kf,k € €. Since H3f = k?f = —f, we obtain k = &4, where
i is the complex imaginary unit.
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Definition 2.1. A function f is said to be an Hg-eigenfunction if Hsf = —if; and
a dual Hg-eigenfunction if Hgf = if. An Hg-eigenfunction f is called an S-mono-
component if, with the form f(t) = p(t)e?®®), it satisfies p(t) > 0 and '(t) > 0,
a.e.; and, a dual Hg-eigenfunction f is called a dual S-mono-component if, with
the form f(t) = p(t)e?®®) it satisfies p(t) > 0 and ' (t) < 0, a.e.

In the sequel, with S = @, with terminologies like Hg:-eigenfunctions
and @"-mono-components, we suppress the subscript € and simply write H-
eigenfunctions and mono-components, respectively; and, with S = ID, we write
circular H-eigenfunctions and circular mono-components for Hp-eigenfunctions
and ID-mono-components, etc.

Very often, we investigate Ref instead of f, and, with the form f(t) =
p(t)e?® | we have Ref = p(t)cosA(t). In the case, we have, Hsf = Fif if and
only if Hs(p(-) cos(-))(t) = £p(t)sin (t). In the case, we call p(t) cos0(t) a real
Hs-eigenfunction, or a real dual Hg-eigenfunction, respectively. If there is no con-
fusion, then we may omit the word “real”, and still call it a Hg-eigenfunction, or
a dual Hg-eigenfunction.

If a signal is not S-mono-component or a dual S-mono-component, then it is
called a S-multi-component, or simply multi-component. Signals are usually multi-
components.

Based on this notion the task would be two-fold. The first is to establish a
bank of mono- and dual mono-components. The second is to study adaptive decom-
position of signals into linear combinations of mono- and dual mono-components.
The present paper addresses the first. Along with the results previously obtained
in [13], [17], [14], [15] and [16], in this article we construct certain solutions of
the eigenfunction problem of the form p(t)e??*(!) where p > 0 is non-constant
and e+ is a so-called Fourier atom on the circle (see [17] and [14]), as well as
certain solutions of the form p(s)e’®+(®), where €'?+(*) is induced from a Fourier
atom under Cayley transform.

In below we give some remarks on dual mono-components.

When expending f € L?([0, 27]) into its Fourier series

ft) =ao+ Z ay, cos kt + by, sin kt,

k=1
or its complex Fourier series
o0
f(t) _ Z Ckezkt,
k=—o00
the entries sinkt = cos(n/2 — kt) and e~** k > 0, are dual circular mono-

components. These can be verified directly, or derived from Theorem 2.2 (see
below). They are also dual mono-components on the line if they are considered as
periodic functions (see §3). The following result allows us to merely concentrate
to the non-dual case.
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Theorem 2.2. p(t)e®®) is a (circular) mono-component if and only if p(t)e=*0®

is a dual (circular) mono-component.

Proof. Assume that f(t) = p(t)e®®) is a mono-component. We have,

H(p(-) cos 0(-))(t) = p(t) sin 6(t),

and, since H? = —1,

H{(p(-)sin0(-))(t) = —p(t) cos O(t).

They can be re-written as
H(p(-) cos(=0()))(t) =—p(t) sin(=0(t)), H(p(-)sin(=0(:)))(t) =p(t) cos(=0(t)).
The last two relations are equivalent to

H(p(-)e™O)(t) = ip(t)e=®),

Therefore, p(t)e_w(t) is a dual H-eigenfunction. Since p > 0, —60" < 0, it is a dual
mono-component. The argument is reversible. For the circular case we replace H
by H. The proof is complete. O

We show that for k£ > 0, sinkt is a dual (circular) mono-component. In fact,
Theorem 2.2 implies that ie~*** is a dual (circular) mono-component. Therefore
sin kt = Re(ie™***) is a dual (circular) mono-component. In general, f = u + v is
a dual (circular) eigenfunction if and only if Hgu = —wv.

In the rest of the paper we are bound to find mono-components, that is to
solve the following

Hilbert Transformation Eigenfunction Problem: Find f(t) = p(t)e’?® such
that Hf = —if, p(t) > 0 and 6'(t) > 0, a.e., where H is Hilbert transformation.

On the circle we can ask the same question with H replaced by H. We adopt
the approach that we first find solutions on the unit circle and then induce the
corresponding solutions on the line.

3. Unimodular Solutions of the Eigenfunction Problem

This section deals with the unimodular case f(t) = p(t)e?®, with p = 1. We
proved the following theorem ([17],[14]).

Theorem 3.1. Assume that 6 is a continuous and strictly increasing function on
[0, 27] with |0(]0,27])| = 27. Then the following two conditions are equivalent.

(i) dO(t) is a harmonic measure on the unit circle.
(if)
Hcosf(t) =sinf(t) + Ima, and Hsinf(t) = —cosf(t) — Rea (3.1)

for some a € ID.
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We note that by definition df(t) is a harmonic measure on the circle if 6’ (t) is
a Poisson kernel on the circle. For any complex number a € ID denote by e?=(*) the
unimodular circular mono-component established through Theorem 3.1, called a
Fourier atom. The function ,(t) is defined through the boundary value of a typical
Mobius transform sending a to zero:

it
_ Z—Qa iea(t) _ e’ —a
Ta(2) 1-a, ¢ oot (3.2)

The theorem implies that 6 (t) is the Poisson kernel of the circle at the point a,
and 0,(t) is, in fact, an absolutely continuous function. Note that when a = 0,
efa(t) = ¢t The finite product of k copies of e is e?**. A generalized Fourier
series and weighted Fourier transform theory are studied in [14].

This simplest unimodular case is further extended to a product of finite many
Mbobius transforms corresponding to Blaschke product, as given in [15].

Theorem 3.2. Assume that 0 is an absolutely continuous function on [0, 27| strictly
increasing with m(0([0,27])) = 27n, where m stands for the Lebesque measure.
Then the following two conditions are equivalent.

(i) dO(t) is a sum of a number of n harmonic measures on the unit circle.

(if)
H cos 0(t) = sin 0(t) — (—1)"Im(H a) (3.3)
k=1
and

Hsinf(t) = —cosO(t) + (—1)"Re(| [ ax) (3.4)

=

k=1

for some ap, € D,k =1,...,n.

Based on finite Blaschke products on the circle one can introduce two types
of mono- and dual mono-components on the line. One is periodic extensions of
the Fourier atoms. We make the extension 6, (t + 27) = 0, + 27, —c0 < t < 0.
Based on this, the periodic function e??*(t), —0o < t < 00, is a unimodular periodic
mono-component on the line.

The second type is images of those functions under Cayley transformation:
k:C" - D,

T —w

= = 3.5
2= k(w) = (35)
and the corresponding boundary relation
it 1—s t
= = tan —. .
e s s =tan, (3.6)

Let ¢4(s) = 6a(2arctan s), —0o < s < 00, we obtain that €’#*(*) is a unimodular
non-periodic mono-component on the line ([14], [15]).
The second type was previously studied in [13] based on a different approach.
We cite the following spectrum results for the two types of mono-components
([2]). They will be recalled in §6.
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Viewing e?=(!) as a periodic function on the line, we have ([2])
V(1 — a]?) i
@ k=1

L% ioa) —iet
— el et = —v2mad (§) +
=/ Varad(€)

For the non-periodic type on the line we have (]2])

where H (&) is the Heaviside function.

aks(e — k).
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(3.7)

(3.8)

We note that in either of the cases the spectrum contains nontrivial impulse at
the origin. This prevents from direct use of Bedrosian’s Theorem ([1]) in deducing
mono- or dual mono-components of the form p(t)e?s®) or p(t)e’®*() with non-

constant p > 0. We will come back to this in §6.
We present an example here.

Ezample. Taking a = 1/2 in Theorem 3.1, we have
ei0a(t) — c(t) +is(t),

where
5cost — 4 3sint

= t = - .
5—4cost’ s(t) 5 —4cost

c(t)

The theorem asserts that the function ¢ + is is a unimodular circular mono-
component. As verification, now we prove this through a direct computation.

We will show

(1) () +s*(1t) =1;
(i) s'(t) = h(t)c(t), h(t) > 0;

(iii) H (c(¢)) = s(¢).

Under (i)-(iii), we may write

c(t) =cosf(t), s(t)=sinf(t), 0(t)= /0 h(u)du, H (cosO(t)) = sin6(t).

Now,
(5cost —4) + (3sint)’
(5 —4cost)?
25cos?t 4+ 16 — 40 cost + 9sin’ t
25 + 16 cos?t — 40 cost

A(t)+s%(t) =

On replacing 16 by 16 sin? ¢ 4 16 cos? ¢ in the numerator, we have c?(t) + s2(t) = 1.

This proves (i).
Next, we have

, 3sint \'  15cost —12
s'(t) = = 5
5 —4cost (5 — 4cost)
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Therefore )
§'(t) _ 3 50
c(t) 5 —4cost
To show (iii), we point out that

13 3
C(t):—§+1C08t+...+ﬁcosnt+...,

N 3 . . 3 . "
s()—ism —l—...—l—Wsmn +...
The circular Hilbert transform may be applied term by term to the series ¢(t), and
we then obtain (iii). The term by term operation is justified by the L?-boundedness
of the circular Hilbert transform (Riesz Theorem) and by the convergence in the
L?-sense of the series representing function c .

From (i)-(iii), we know that, the phase
Hel(t) 3sint

= t R —
c(t) MO S cost — 4

6(t) = arctan
satisfies that
0'(t) = h(t), cosO(t) =c(t), Hcosb(t)=He(t) = s(t) = sinf(t).

Therefore, €?®) is a circular mono-component.

4. Boundary Values of Functions in Hardy Spaces

We first give some observations on boundary values of holomorphic functions.
If f belongs to LP(IR),1 < p < oo, then the Cauchy integral

_ 1 f@®)

_27'(' ]Rt—Z

F(z) dt (4.1)

is a holomorphic function in the upper-half complex plane, and Plemelj’s formula
holds: ) )
y1_1>151+ F(z+1iy) = §f(x) + l§Hf(CL'), a.e.
The so called analytic signal, up to a multiple constant, is actually the bound-
ary value of the Cauchy integral of the associated real signal. Distributionally,

1 A : 1 .
(()—(9sz)> (£) = X(0,00) ()€™ eI = S+ sgné)et*Ee VIl

where X (0,00) denotes the characteristic function of the set (0,00). A generalized
Paseval’s formula with (4.1) gives

F(z)=1[1 [ et el fepde i [ ente el isme) fle)as

2| 2w R
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Together with Plemelj’s formula, this last representation in inverse Fourier
transform shows that the spectrum of the Cauchy integral lies on the right-half of
the real axis, and the Fourier multiplier of Hilbert transformation is —isgné.

The boundary value of an arbitrary holomorphic function in the upper-half
complex plane does not necessarily have such property. The Cauchy integrals of
functions in LP spaces are actually functions in the Hardy HP? spaces. H? spaces
are large enough to fit our purpose. We introduce them as follows,

For 0 < p < o0, define the Hardy spaces

YD) = {f 5 f€ HD), |, = sw {5 [ |freran? < o<,
o<r<1 4T JoD

and
H@) =+ feHE@), Ifly = s ([ [fe+inpan’ <o),
For p = oo, define
H>*D) ={f : fe HD), [[fllw = Sgﬂ%lf(z)l < oo},
and

H*(C) ={f : feH@),[flle= Sélglf(W)l < oo}

For p > 1, HP are Banach spaces. For p < 1, HP are complete metric spaces
under the metric

d(f,g) = IIf — gllb-

Since we are to study Hilbert transforms in our function spaces, we restrict
ourselves to merely study H?(S),1 <p < occ.

In [15] we explore connections between eigenfunctions of Hilbert transforma-
tion and functions in Hardy H? spaces. The following result is proved (Th. 3.2
and 4.3., [15]).

Theorem 4.1. The function f(t) = p(t)(c(t)+is(t)), with p > 0 and p € LP(S),1 <
p < 00,c® + 8% = 1, is the boundary value of a function in HP(S) if and only if
Hs(pc) = ps modulo constants.

We remark that Hg(pc) = ps is equivalent to Hf = —if. Note that for
the frequently used case S = €' and p = oo the Hilbert transformation takes
the distribution sense. Its formulation is naturally related to boundary values of
functions in H*°(RR).

Denote by D the space of infinitely differentiable functions with compact
support on the line, and D’ the space of continuous linear functionals on D, viz.
the space of distributions.



308 T. Qian

Definition 4.2. Let T be a distribution and u a harmonic function in the upper-half
complex plane. If

o0

<T,¢p >= lim u(z,y)p(x)dz, ¢ €D,

y—=0+ ) o

then w is said to be a harmonic representation of T.

Obviously, a distribution may have more than one harmonic representations.
The following result is known (see, for instance, [10] or [11]).

Theorem 4.3. Let T be a distribution and U one of its harmonic representations.
Let V' be any harmonic conjugate of U, then V is a harmonic representation of
some distribution, S.

Definition 4.4. Any distribution S in Theorem 4.3 is called a Hilbert transform
of T.

For a chosen harmonic representation of 7' its harmonic conjugates are not
unique. As consequence the above defined Hilbert transform is unique only up to
an additive constant. The relation H?> = —I now is changed to H?> = —I + [¢],
where [c] denotes the class of constants.

Theorem 4.1 allows to obtain a large variety of unimodular H- and circular
H-eigenfunctions through elementary conformal mappings.

We will be based on the following conformal mappings.

(i) The Cayley transform @ — ID defined by

z:m(w)zl_w

it+w
The mapping & : ¢~ — ID is univalent and onto.
(ii) The mappings C" — ID
er(z) =€e'T, L>0.
They are onto but not univalent. They are periodic, satisfying ey, (z + 2L) =
er(z). Denote by [e] the class of such mappings.
(iii) The Mébius transforms ID — ID

Ta(2) AETY L eD.

T Jal1-az’
The conformal mappings are univalent and onto. We denote by [7] the class
of Mobius transforms.

(iv) The mappings €* — €

az+b

cz+d’

The conformal mappings are univalent and onto. We denote the class of such

mappings by [u].

Habe,d(z) = a, b, ¢, d real numbers, and ad — bc > 0.
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(v) The mappings C" — ID
2
1w —
la® + 1| w g) ac @\ {i}.

Va(z) = a?+1 w—
The conformal mappings are univalent and onto. We denote the class of the
mappings by [v]. Clearly, k € [v].
(vi) Denote by [f] and [F] the classes of inner functions in ID and @, respectively.
Inner functions are H* functions with constant modulus 1 on the boundary.
(vii) Denote by [b] and [B] the classes of Blaschke products in ID and @', respec-
tively.
We can construct functions in [F] from the above listed elementary ones.
Some examples are given in the following theorem.

Theorem 4.5. We have
(i) [r]ole] C [blo[e] C [f]o €] C [F].

(ii) ] =rop] =[rlor C[b]or =[B] C [flor = [F].
(iii) [7] o [e] o [u] C [b] o [e] o [u] C [f] o [e] o [1] C [F].
(iv) Products of functions in the classes in (i)-(iii) are functions in [F)].

We draw the following remarks to the theorem.

Remark 4.6. The class [b]o[€] in the assertion (i) consists of the unimodular mono-
components on IR of the form

Fi(t) = e 2%(E) g eD, Ly >0,

where we take the convention that 0, (t + 27) = 6, (t) + 27. The smallest class
in (i) is [7] o €, that is the periodic version of Theorem 3.1.

Remark 4.7. The functions in the class [v] of the assertion (ii) is the Cayley
transform version of Theorem 3.2. They are the atomic cases of the class [B]. The
class [B] together with a factor of linear phase is studied in Picinbono [13].

. as+tb
Remark 4.8. The unimodular mono-components of the form e(*) = ¢ 16 are

not periodic but with infinitely many oscillations. They are not Blaschke products,
but belong to the class of “chirp ” signals.

Remark 4.9. We may construct complicated mono-components based on the prod-
uct rule specified in the assertion (iv). For instance, by multiplying the basic
mono-component signals in (i), (ii) and (iii) we obtain, as long as convergent, the
unimodular mono-component

oo
i

k= 1

arpz + by,
Ouy, (
exp Z k ckz—i—dk))

where 6 is a real constant, zx, k = 1,2, ..., are complex numbers in the upper-half
complex plane, wg, k =1, 2, ... are complex numbers in the unit disc, and for each
k, the real numbersag, by, ¢k, di satisfy axdr — brcr > 0.
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Next we give some spectrum results with distributions. We first introduce

Definition 4.10. Let T be a distribution and f(z + iy) an analytic function in €"
such that for any ¢ € D

<T.6>= lm /}R f( + iy)d(x)da,

then we say that T is an upper-Hardy distribution, and f(x + iy) is an analytic
representation of T. In such a case we may write T' = TT.

Let T be the tempered distribution represented by the boundary value of a
function in H?(C"). From Definition 4.10, T = T is an upper-Hardy distribution.

The following theorem asserts that f+, the Fourier transform of T, has positive
spectrum in the sense specified in the following theorem.

Theorem 4.11. T is the tempered upper-Hardy distribution represeAnted by the
boundary value of a function in HP(CT),1 < p < oo, if and only if T+ C [0, 00),
that is, R

< T+, ¢>=0, for all ¢ € D such that supp¢ C (—o0,0].

The proof of the “only if” part is contained in [15], and that of “if” part is
contained in [18]. Based on this theorem we generalized Bedrosian’s Theorem to
the LP cases ([18]), as given in
Theorem 4.12. Suppose f € LP(R), g € LY(R), 1/p+1/g=1/r, 1 <p,q,r < 0.
If suppf C [0, 0], supp § C R\ (=0 — 8,0 + &), where 0,5 > 0, then

H(fg) = fHg.

5. Boundary Values of Starlike Functions

In below, a connected and open set in the complex plane @ is called a domain. A
function f is said to be univalent if it takes different values at different points. Our
definition for starlike domains, and therefore that for starlike functions, takes the
narrow sense, that is, starlike with respect to the pole z = 0.

Definition 5.1. A domain Q is said to be starlike if 0 € Q, and tz € Q,0 <t < 1,
whenever z € Q. A univalent and holomorphic function f : ID — f(ID) is said to
be starlike if f(ID) is starlike and f(0) = 0.

Closely related are convex domains and convex functions.

Definition 5.2. A domain € is said to be convex, if 0 € , and tz1+(1—t)z2 € Q,0 <
t < 1, whenever z1, 2o € . A univalent and holomorphic function f : ID — f(ID)
is said to be convez, if f(ID) is convex and f(0) = 0.

Clearly, a convex domain is a starlike domain, and a convex function is a
starlike function.
The Taylor expansion of a starlike function is of the form

9(z) = a1z +a2® +- -+ a2" 4+, |27 <L (5.1)
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We denote by S the class of univalent and holomorphic functions in ID having
the Taylor expansion
9(z) =24+ a2® +---+az" 4+, |z <1 (5.2)
The totality of starlike functions in S is denoted by S*, and the totality of convex
functions in S is denoted by C. It may be shown that C is a proper subclass of
S*, and S* is a proper subclass of S. We call functions in S* normalized starlike
functions; and those in C' normalized convex functions. There has been a deep
study with fruitful results on the classes C, S* and S. Among literature on starlike
functions we refer to [8], [6], [12], [4] and [7]. The most striking feature of the subtle
analysis on the classes C,S* and S would be its connections with Bieberbach
conjecture (1916) whose final and celebrated proof was given by de Branges in
1984 ([8]). In this note we will explore some relations between starlike functions
with our H-eigenfunction problem. We first introduce some concepts.

Definition 5.3. Let p(t) and 0(t),0 < t < 2, be absolutely continuous, p > 0, and

2
/0 p(t)e?Ddt = 0. (5.3)

With these properties, a function f(t) = p(t)e’?® is called a circular H-atom, if f
is a circular mono-component satisfying 6(27) — 6(0) = 27; and, a dual circular
H-atom, if f is a dual circular mono-component satisfying 6(27) — 6(0) = —27.

As consequence of Theorem 2.2, the following result addresses the symmetry
property between circular and dual circular H-atoms.

Theorem 5.4. p(t)e’?® is a circular H-atom if and only if p(t)e=*®) is a dual
circular H-atom.

The following results are contained in [6] (§1, Ch.10). If f(2) is holomorphic,
and it univalently maps ID into a simply connected region Q whose boundary is a
bounded rectifiable closed Jordan curve, then f continuously extends to ID such
that on JID it is absolutely continuous with

it
LE; ) =iet f'(e"), a.e.,

where f/(e'’) is the non-tangential boundary value of f/(z) in ID. If, moreover,
() = p(t)e®® is the boundary value of a starlike function, then both p(t) and
(t) are absolutely continuous.

For practical reasons we only concern such ideal starlike functions. The im-
portance of starlike functions lies on the following Theorem.

Theorem 5.5. p(t)eile(t),o <t < 2m, is a circular H-atom if and only if it is the
boundary value f(et) of a starlike function f(z) whose boundary is a bounded
rectifiable closed Jordan curve.

The proof is based on Argument Principle of univalent functions and the
result for boundary values of functions in the H>°(ID) space ([15]). For details see
[16].
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In complex analysis the normalized starlike functions with respect to the pole
oo have the Taylor expansion

by | b2

fz)=z4+bo+ p; +22+ (5.4)
The existence of the first two entries, namely z and by, is mainly for a geometrically
symmetric theory for this case. In particular, with the form (5.4), when z = et
goes along the unit circle in the anticlockwise direction, then f(e) goes along the
boundary of f(ID) anticlockwise as well. For the theory of dual mono-component
we, however, adopt the following definition that is analytically symmetric, and
works well with Hilbert transform.

Definition 5.6. A function f(z) is said to be starlike with respect to the pole co if
f(}) is starlike (with respect to the pole zero).

With this definition we have the counterpart result for dual circular H-atoms.
Theorem 5.7. p(t)e?’® 0 < t < 2x, is a dual circular H-atom if and only if
p(t)e?® 0 <t < 2m, is the boundary value f(e') of a starlike function f(z) with
respect to the pole co, whose boundary is a bounded rectifiable closed Jordan curve.

Ezample. (The Circle Family) The simplest example would be the circle family.
Any fractional-linear transformation
az

w=flz) =~

that maps ID into a disc f(ID) > 0, f(0) = 0, with the positive orientation as t
rotates from 0 to 27 under the parametrization z = e, will give rise to a circular
H-atom. We now form this family in a systematic way using Mobius transform.
The Mobius transform 7,(z) = (z — a)/(1 — @z) has the power series expansion
To(2) = —a+biz+boz+ -,
where by =1 — |a|? > 0. We construct
1

fa(z) = E(Ta(z) +a)=
This function is in the class C. It maps discs in ID into discs. The images f,(ID,),
D, =7rID,0 < r < 1, are discs not centered at z = 0. Indeed,

— (5.5)

fa (Teit) _ r ei(t—arg(l—r|a|ei(t7ta)))7
V/1—2r|alcos(t — t,) + |a|?r2
where a = |ale®®e. It follows from Theorem 5.5 that for every fixed r: 0 <r < 1,
the function f,(re’) is a circular H-atom. The mapping can be extended to r :
1 <r <1/|a|, and the diameter of the disc f(ID) passing through 0 is divided by
0 into two parts with lengths, respectively, 1_’;,|a| and ; +:|a|. So, the closer the
number r|a| to 1, the closer the pole zero to the boundary of the image circle.

One can similarly formulate the ellipse family and the Casimire curve family.
As consequence of the Argument Principle finite products of circular H-atoms
are multi-valent functions. We have the following
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Theorem 5.8. Finite products of circular and dual circular H-atoms are respectively
circular mono-components and dual circular mono-components.

The established theory on the classes S, S* and C provides a source of starlike

functions with a great variety. The basic references are [8], [6], [12], [4] and [7].
The reference [7], in particular, provides many working examples. We briefly recall,
without proof, some results in the literature that may have significant impacts to
our study.

(i)

(iii)

It may be shown that if f(D) is starlike, then f(D,) is starlike for all

€ (0,1). In Example 2.1 on the circle family we assert this fact from the
property of fractional-linear transformations. It, however, holds in general.
This implies that when 2z = re®® traces out the circle |z| = r anticlockwise,
then the complex number f(z) = pe’® must also traces out a complete circle
anticlockwise . It follows that

9 00
5 elf(2)} = 5, 2 0.

This latter condition implies
2f(2)
1)
This turns to be a sufficient condition for starlike domains as well.

It may be shown that a function is convex in ID if and only if 1 + 2L f”((zz)) has

Re{ >0, zeD.

a positive real part in ID. As consequence, f(ID,),0 < r < 1, is also convex.
Based on this it may be shown that f(z) is convex if and only if F(z) = zf/(2)
is starlike. Therefore, a convex function f(z) has the formula

o= [ "W

where F'(z) is a starlike function. The last relation also gives rise to a repre-
sentation formula for all convex functions (see (iv) below).
If f and ¢ are in class S*, then their weighted product f*¢®,a+3=1,0<
o, <1,isin S*.

If f and g are in the class C with the expansions

fz) = Z anz", g(z) = Z b, 2",
n=1 n=1

then their Hadamard product (also called Hadamard convolution)

(f*9)(z) =Y asbnz"
n=1

isin C.
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If f and g are in the class S*, then the modified Hadamard product

n

(FogE) =Y e
n=1

is in S*.
If P(z) is holomorphic with positive real part then there holds Herglotz’s

formula:
27 it
P = [ a),
0

et — z

where «(t) is a non-decreasing function satisfying

[a(t+0) 4+ a(t —0)]. (5.6)

N | =

21
/ da(t) =1, and at)=
0

There is a one to one relationship between the functions P(z) and «(t).
Based on Herglotz’s formula one has the representation formula for star-
like functions: A function f is starlike in ID if and only if

21
f(z) =z exp (2/0 log 1_i_itzdoz(t)> ,

where « is a non-decreasing function satisfying (5.6). Theoretically the for-
mula provides all starlike functions with the pole zero.

It is an interesting fact that if f(z) is in S, then for small enough r > 0
the image f(rID) is starlike, and therefore f(rz) is in S*. One can show that

there exists a positive number, Rgr = 2:;% ~ 0.65579, called radius of

starlike-ness, such that whenever r < Rgp the image f(rID) is starlike for all
f € S. The number Rgr is sharp in the sense that if r > Rgr, then there
exists a function f € S such that f(rID) is not starlike. For the class S there
is also a sharp constant, Roy = 2—+v/3 ~ 0.26 - - - , called radius of convezity,
such that whenever r < Rcy the set f(rID) is convex for all f € S.

It is the identical relationship between circular H-atoms and certain starlike

functions that motivates the definition of circular H-atoms (Theorem 5.5). There
is no counterpart concepts on the line. Next we will induce mono-components and
dual mono-components on the line based on those obtained on the circle.

Theorem 5.9. Assume that f(t) = p(t)e’®®) 0 <t < 2r, where p € LP([0,27)),1 <
p < 0. Then,

(i)

for 1 < p < oo, f(t) is a (dual) circular mono-component if and only if
f@t) = pt)e?® 0o < t < o0, is a (dual) mono-component on the line,
where p and 0 are extended to satisfy p(t+2m) = p(t) and 6(t+2m) = 6(t)+27.
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(ii) for 1 < p < oo, the function
b
(s2+1)1/p o

belongs toLP(IR), and, if f(t) is a (dual) circular mono-component, then

2 arctan s)

0 (2 arctan s)—i—% arccos( 7‘11 )—277'

(2 arctan s)ez< Ve? ), —00 < § < 00,

FO= ey
is a (dual) mono-component on the line.
(iii) for p = oo, f(t) is a (dual) circular mono-component if and only if
F(s) = p(2arctan s)e?2arctans) - _ oo < 5 < o0,
is a (dual) mono-component on the line.

The proof of (i) is based on the following Lemma.

Lemma 5.10. Let feLP([-m,m),1 <p< oo, and f be the 2w-periodic extension
of f to the real line. Then H f is 2w-periodic, and, restricted in [—m,m), Hf = Hf,
where H f is defined by

1

Hf(t)= lim f/ @ds.

e—0,N—oo T <|t—s|<(2N+1)7‘r t—s

Proof. It may be easily shown (also see [14], or [15], or [2])
N

1
Hf() = - lim /  f(x)da
( ) T e—0,N—oo (_”7”)ﬁ{|m_t|>5}(k:—N t—x— 2]€7T) ( )
1 —z
= —lim cot () f(z)dz
2 =0 ) Camn{lo—t]>e) 2
= Hf(t), ae.

The proofs of (ii) and (iii) are based on Cayley transform and the relations

between the two HP spaces in the respective contexts. We suppress the easy proof.
O

6. Solutions of the Eigenfunction Problem in Relation to Fourier
Atoms

In this sections we deal with solutions of the eigenfunction problem of the forms
p(t)¥a() 0 <t < 27, and p(s)e?(?), —0o < s < 0o. We construct some examples.
A signal f is said to be of A\-low-frequency , if f(f) =0 for |{] > \; and of
A-high-frequency, if f(€) = 0 for |€| < . Bedrosian’s Theorem ([1], [17] ) asserts
that if f; and f), are in L?(9S), and f; is of A-low- and f;, of A-high-frequency,
then
Hs(fifn) = fiHs fn-
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Note that in the above notion, when S = D, f (&) stands for the Fourier
coefficients of f defined on integers. The discrete type Bedrosian’s theorem is
studied in [17]. A generalization of Bedrosian’s Theorem to the L? cases is given
in [18].

Initially we wish to characterize p(t) and 6(t) such that p(t)e*?® is a (circular)
H-eigenfunction. In practice, the amplitude is expected to be of lower frequencies.
In view of Bedrosian’s theorem, we would expect

Hs(p(t) cos 8(t)) = p(t)Hg cos 0(t).

In such case, p(t)e’?® is a (circular) H-eigenfunction if and only if e?® is a
(circular) H-eigenfunction. This idea initiates the study of the unimodular case,
that is p = 1, of which a large class of unimodular (circular) mono-components is
discovered ([17], [14], [15] and [2]). This, in particular, contains the Fourier atoms
e?a(t) and their products. The question is: Having obtained the (circular) mono-
components €% (") can we go back to identify functions p such that p(t)eifs ®) are
(circular) mono-components, as already expected in view of Bedrosian’s Theorem?

Bedrosian’s Theorem may be used to construct non-unimodular mono-compo-
nents of the form p(t)e?** k = 41,42, ... The Fourier transform of ?** is the Dirac
function §(- — k). Bedrosian’s Theorem suggests that if p is non-negative and ban-
dlimited, its Fourier transform has compact support contained in [—|k|+«, |k| —a],
where |k| — a > 0, then p(t)e’** may be a mono-component or dual mono-
component, for k > 0 or k < 0, respectively.

Construction of such functions p is not entirely trivial. Without loss of gen-
erality, we can only deal with the case k£ > 1. First take any even and square-
integrable function g; with compact support in [k + a,k — af, 1/2 > a > 0.
Let gog be its inverse Fourier transform. Since ¢y is even, gq is real-valued. The
Paley-Wiener Theorem (or a direct computation using inverse Fourier transform)
implies that go is the restriction of an entire function, go(2), to the line. The entire
function is in the Paley-Wiener (k — a)-class satisfying the estimate

lgo(2)| < Melk—o)lmz], (6.1)

Note that go(z)e’*~®)% is a function in Hardy H?(C") and e'** is in Hardy
H>(@"), and hence their product is in H?(C"). Owing to the remark after the
statement of Theorem 4.1 we have

H(go(t)eikt) = H ([go(t)ei(k—a)t] [eiat])
= —ilgoye k-] [eior
= _lgo(t)elkt,
showing that go(t)e’** is an H-eigenfunction. For the constant M in (6.1) we also

have
H(Me*t) = —iMetrt,
With G(t) = go(t) + M > 0 the signal G(t)e’** is a mono-component.
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Note that the above argument implies that H (G (t)e’*) = G(t)H (e**?) that
is a Bedrosian type result but not under the standard conditions f;, f, € L?(IR).
Example. Let k > 1. Take g1 = x|_s5,4,0 < k — 1/2, where X[-s,5] is the charac-
teristic function of the interval [—d, d]. Then go, being inverse Fourier transform
of g1, is the sinc function %S“;—‘St bounded by /7. Therefore,

1sindt &\
(Sm +>elkt, 6§ <k—1/2,

T 1 ™
is a mono-component; and, owing to Theorem 2.2,

(15”1& + 5) ekt 5 < k—1/2,

Tt T

is a dual mono-component.

Bedrosian’s Theorem, however, cannot be directly used to produce non-
unimodular H-eigenfunctions of the form p(t)e??=(*). In fact, the results (3.7) and
(3.8) show that for each of the two cases the spectrum contains nontrivial impulses
at the origin. There, however, do exist non-unimodular functions p > 0 that make
p(t)e?=() to be (circular) mono-components. This shows that the spectrum con-
dition in the standard Bedrosian’s Theorem is not a necessary one. We first deal
with the circular case. Let 7, be the Mébius transform defined in (3.2). Set

hi(z) = %(Ta(z) +7a(2%)),

where z* = 1/7Z is the symmetric point of z with respect to the unit circle. Ob-
viously, h(z) is real-valued on the circle. Since |7,(z)| is dominated by 1, the
function h(z) = h1(z) + 3 has positive boundary values on the line, denoted by
p(t), between 1 and 5. The meromorphic function h has a sole pole of order one
at a, so G(z) = h(z)7,(z) has no pole and is bounded and holomorphic in ID. We
have G(e™) = p(t)e?=(Y). By invoking Theorem 4.1 for H*(ID), we conclude that
p(t)e?=(t) is a circular mono-component.
Simple computation gives

Ezample.
- - t — 2|a| cost, + |al? cos(t — 2t,) -
G ity _ t 104 (t) _ 2COS +1i6, (t)
(e%) = plt)e 1 —2|a|cos(t —t,) + |al? +3)e ’
0<t<om (6.2)

where a = |alei’*,t, € IR, is a circular or dual circular mono-component for the
sign + taking + or —, respectively.

Ezample. Using the general result of §5, (i), Theorem 5.9 (also see [14] and [2]),
the 2m-periodic extension of the above function,with 6, (t + 27) = 0,(¢) + 2,

- - t — 2|a| cost, + |al? cos(t — 2t,) -
e ity _ t 104 (t) _ 2COS +1i6, (t)
(e%) = plt)e 1 —2|a|cos(t —tg) + |al? +3)e ’
—o00 <t < o0, (6.3)

is a mono- or dual mono-component.
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The non-periodic case on the real line may be deduced accordingly ((iii)
Theorem 5.9)). The non-linear Fourier atoms e*%(*) on the circle under Cayley
transform « : € — DD,

_i—w iw_1—s
i+w’ i+s

z = k(w) (6.4)

is transformed to '®s(*) on the line, where
®a(8) = 0,(2arctan s).

Under the setting the function e’+(%) is the boundary value of the bounded
and holomorphic function 7, o k that conformally and univalently maps the upper-
half complex plane to the unit disc. Therefore ¢?¢*(%) is a mono-component. Simi-
larly, take the function G defined right before Example (6.2), and set p; (s)e?®a(*) =
(G o k)(s). The obtained function is the boundary value of a bounded and holo-
morphic function in @ and therefore

Ezample. In such a manner, with function p defined in (6.2), the function

+1i6, (2 arctans)
€ )

p(2 arctan s) —00 < § < 00,

is a mono- or dual mono-component on the line.

Alternatively we can directly construct the same function with explicit rep-
resentation using a similar method as in the circular case. Let b € " such that
k(b) = a. Then (7, 0 k)(b) = 0. Apart from a unimodular multiple constant, the

mapping 7, o &, with boundary value e*%+(%) | is equal to kp(z) = i:g. Set

1

h(z) = 5 (ke(2) + ki (2))

which is meromorphic with a sole pole of order one at b, with bounded and real-
valued boundary values on the real line. We define

G(2) = (h(2) + 3)kn(2).

It is a bounded and holomorphic function in €.

Ezample. Apart from a unimodular multiple constant G(z) has the boundary value
(6= 0" =, ento
2 3 ) e?als)
((s—sb)2+h§+ ¢

where b = s, + thy. The latter is a mono-component; and

EEREY e
2 + 3 ) e Pl
((s—sb)z—l-h%

is a dual mono-component.
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Signal-Adaptive Aeroelastic Flight Data
Analysis with HHT

Martin J. Brenner, Sunil L. Kukreja and Richard J. Prazenica

Abstract. This paper investigates the utility of the Hilbert-Huang transform
for the analysis of aeroelastic flight data. The recently-developed Hilbert-
Huang algorithm addresses the limitations of the classical Hilbert transform
through a process known as empirical mode decomposition. Using this ap-
proach, the data is filtered into a series of intrinsic mode functions, each of
which admits a well-behaved Hilbert transform. In this manner, the Hilbert-
Huang algorithm affords time-frequency analysis of a large class of signals.
The purpose of this paper is to demonstrate the potential applications of the
Hilbert-Huang algorithm for the analysis of aeroelastic systems. Applications
for correlations between system input and output, and amongst output sen-
sors, are discussed to characterize the time-varying amplitude and frequency
correlations present in the various components of multiple data channels. Ex-
amples are given using aeroelastic flight test data from the F/A-18 Active
Aeroelastic Wing aircraft and Aerostructures Test Wing.

Mathematics Subject Classification (2000). Primary 93B15; Secondary 93B30.

Keywords. aeroelasticity, adaptive signal decomposition, Hilbert-Huang, em-
pirical mode decomposition, time-frequency analysis.

1. Introduction

The Hilbert transform is a classical tool that has been used in the structural dy-
namics community as an indicator of nonlinearity. It has also been used to estimate
nonlinear damping and stiffness functions for single degree-of-freedom systems.

This work was prepared as part of the first author’s official duties as an employee of the U. S.
Government and in accordance with 17 U.S.C. 105, is not available for copyright protection in
the United States. NASA is the owner of any foreign copyright that can be asserted for the work.
Copyright@2005 by NASA.
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The Hilbert transform expresses a signal as a harmonic with time-dependent fre-
quency and amplitude. In this respect, it is an ideal tool for the analysis of nonsta-
tionary data. Unfortunately, the Hilbert transform has several shortcomings that
limit its usefulness in practice. Most notably, the Hilbert transform computes a sin-
gle instantaneous frequency for a signal at each instant in time. Therefore, when
applied to a multi-component signal (i.e., a signal from a system with multiple
modes), the Hilbert transform computes an instantaneous frequency that corre-
sponds to a weighted average of the component frequencies. Such an instantaneous
frequency does not provide any information as to the values of the individual com-
ponent frequencies [4]. A further limitation is that the Hilbert transform yields
grossly distorted estimates of the frequency when applied to signals with nonzero
mean and signals which have more extrema than zero crossings.

In order to address these shortcomings, an Empirical Mode Decomposition
(EMD) was developed by Huang et al. [8, 9] as a means of decomposing a signal into
a series of components known as Intrinsic Mode Functions (IMFs). These IMFs
are computed based on local characteristics of the signal and can be viewed as an
adaptive, data-dependent basis. The IMFs form a complete, nearly orthogonal set
of basis functions. Most importantly, each IMF contains only a single frequency
component at any instant in time and therefore admits a well-behaved Hilbert
transform. Taken collectively, the Hilbert spectra of the IMF's yield complete time-
frequency information about the original signal. This approach, which has been
termed the Hilbert-Huang Transform (HHT), makes it possible to apply the Hilbert
transform to an extremely general class of functions and signals.

Although a relatively new tool, the Hilbert-Huang transform algorithm has
received considerable attention in a number of engineering disciplines. This HHT
algorithm has been applied in the analysis of scientific data [8, 9, 10], structural
system identification [27, 28, 29|, and mechanical system fault detection [11, 15,
26, 30]. A recent adoption into the image processing field [13, 14, 16, 31], the two-
dimensional EMD is an adaptive image decomposition without the limitations
from filter kernels or cost functions. The IMFs are interpreted as spatial frequency
subbands with varying center frequency and bandwidth along the image. The
EMD is a truly empirical method, not based on the Fourier frequency approach
but related to the locations of extrema points and zero crossings. Based on this,
the concept of “empiquency,” used for time or space and short for “empirical
mode frequency,” was adopted to describe signal (image) oscillations based on the
reciprocal distance between two consecutive extrema points. High concentrations
of extrema points have high empiquency with sparse areas having low empiquency.
Hence, applications for time-frequency-space signal processing are feasible.

A problem with the very versatile and most commonly used Morlet wavelet
in dynamics data analysis is its leakage generated by the limited length of the
basic wavelet function, which makes the quantitative definition of the energy-
frequency-time distribution difficult. The interpretation of the wavelet can also be
counterintuitive. For example, definition of a local event in any frequency range
requires analysis in the high-frequency range, for the higher the frequency the
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more localized the basic wavelet. A local event in the low-frequency range requires
an extended period of time to discern it. Such interpretation can be difficult if
possible at all. Another problem with wavelet analysis is its nonadaptive nature.
Wavelet basis functions are predefined, whether of one type, or a multi-wavelet
basis, or a dictionary of wavelets is selected. Data analysis is then constrained to
these bases. Since the Morlet wavelet is Fourier based, it also suffers the many
shortcomings of Fourier spectral analysis. A truly adaptive basis is a necessary
requirement for nonstationary and nonlinear time series analysis and should be
based on and derived from the data.

In this paper, results are obtained from the new approach. With the HHT,
the intrinsic mode functions yield instantaneous frequencies as functions of time
that give sharp identification of embedded structures. The main conceptual in-
novation in this approach is the introduction of the instantaneous frequencies for
complicated data sets, which eliminate the need of spurious harmonics to represent
nonlinear and nonstationary signals. This paper looks at the effect of enhancements
like local /on-line versions of the algorithm [21]. To date, HHT analysis has only
been performed on individual signals without regard to correlation with other
data channels, or system inputs-to-outputs. Application for correlations between
system signals are introduced to characterize the time-varying amplitude and fre-
quency modulations present in the various components of multiple data channels
including input and distributed sensors. In these respects, this paper attempts
to elucidate the way EMD behaves in the analysis of F/A-18 Active Aeroelastic
Wing (AAW) aircraft [18], aeroelastic and aeroservoelastic flight test data as well
as Aerostructures Test Wing [12] and pitch-plunge simulation data.

2. Empirical Mode Decomposition

The classical Hilbert transform is, in principle, an effective tool for time-frequency
analysis. Unfortunately, in practice, it can only be applied to an extremely re-
stricted class of signals. In order to extend the utility of the Hilbert transform
to more general signals, Huang et al. [8, 9] developed the empirical mode decom-
position (EMD) as a means of preprocessing data before applying the Hilbert
transform. The EMD procedure decomposes the original signal into a set of intrin-
sic mode functions (IMFs), each of which admits a well-behaved Hilbert transform.
The Hilbert transform is then applied to each individual IMF, yielding an instan-
taneous frequency and amplitude for each IMF. Therefore, this procedure, termed
the Hilbert-Huang transform (HHT), enables the Hilbert transform to be applied
to multi-component signals.

There are two criteria that each IMF must satisy in order to be amenable to
the Hilbert transform. Namely, each IMF must have zero mean and the number of
local extrema and zero crossings in each IMF can differ by no more than one. The
first step in the EMD procedure is to connect all the local maxima of the original
signal using a cubic spline. Similarly, the local minima are also connected with a
cubic spline. The two splines define the envelope, and the mean of this envelope
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is then calculated and subtracted from the original signal. The resulting signal is
then tested to see if it satisfies the criteria for an IMF. If it does not, the sifting
process is repeated until a suitable first IMF, ¢; (¢), is obtained. The sifting process
is then applied to the residual signal z(t) — ¢1(¢) to obtain the next IMF. This
process is repeated until all that is left is a final residual, r(¢), which represents
the trend in the data and is not an IMF. Therefore, as shown in Eq. 1, the EMD
procedure yields a decomposition of the original signal in terms of n IMFs and the
residual, r(¢).

z(t) =) ci(t) + (1) (1)
j=1

The number of IMF's obtained is dependent on the original signal.

The EMD procedure serves to generate IMF's that are amenable to the Hilbert
transform. In particular, the manner in which the EMD is performed guarantees
that each IMF will only possess a single harmonic at any instant in time. Currently,
the EMD procedure is ad hoc in the sense that there is no rigorous mathematical
theory behind it. Recent attempts are being made to formalize EMD, most notably
the work of those who explored the properties of B-splines and their use in the EMD
process. Despite the lack of a firm theoretical foundation, several mathematical
properties of the IMFs are well understood [20]. In particular, it is clear from
Eq. 1 that the IMFs, along with the residual, form a complete basis for the original
signal z(¢). In addition, Huang et al. [8] demonstrated that the IMFs are nearly
orthogonal with an orthogonality index (OI,,, defined in Eq. 2) for the IMFs.
This definition seems to be global but actually only applies locally. Adjacent IMF's
could have data with the same frequency but at different times.

t=T m n

on -3 3 3 olal @

=0 j=1 k(#j)=1

The EMD does not yield a unique basis for the original signal since there
are countless sets of suitable IMFs that can be generated from a given signal.
However, the various IMF sets from the different sifting criteria are all equally valid
representations of the data provided their orthogonality indices are sufficiently
small [8, 10]. The IMFs depend on the stoppage criterion, maximum number of
siftings, intermittance criteria, the end point boundary conditions, and use of
curvature- or extrema-based sifting [8, 9, 10]. The uniqueness problem can only
be meaningful if all these parameters are fixed a priori. The problem is how to
optimize the sifting procedure to produce the “best” IMF set. These questions are
difficult to answer theoretically. In Huang et. al. [10], a confidence limit is defined
for the first time without invoking the ergodic assumption. This provides a stable
range of stopping criteria for the EMD-sifting operation, thereby making the HHT
method more definitive. Discussion later points out that the EMD sifting process
also acts in such a manner as to obtain IMFs that correspond to approximate
bandpass filtering of the original signal.
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Once the EMD procedure has been used to generate a set of IMFs, the Hilbert
transform can be applied to each individual IMF. In this manner, an instantaneous
frequency and amplitude is computed for each function. A common method for
displaying the Hilbert spectrum is to generate a two-dimensional plot with time
and frequency axes. The amplitude is then plotted as a color spectrogram in the
time-frequency plane. By plotting the Hilbert spectra of all the IMF's together one
obtains complete time-frequency information about the original signal.

To demonstrate the importance of the EMD in obtaining meaningful Hilbert
spectra for general signals, consider the following signals.

z1(t) = sin(2nt) + sin(8nt) + sin(327¢)
xo(t) = sin(4nt) +t

The signal z is a combination of harmonics with frequencies of {1,4, 16} Hz while
the signal zo is composed of a ramp signal and a 2-Hz sine wave. First, consider
the Hilbert spectra obtained by directly applying the Hilbert transform to each
signal. Figure 1 displays the resulting Hilbert spectra for both signals. The Hilbert
spectrum of x7 yields a fluctuating frequency with most of the energy concentrated
at 7 Hz. This corresponds to the average of the three frequencies present in x
(each of which has the same amplitude) and gives no useful information about
the original signal. This averaging is due to the fact that the Hilbert transform
computes a single instantaneous frequency for the signal. The Hilbert spectrum of
xo illustrates the effect of a nonzero mean. In this case, the estimated frequency
is distorted and the 2-Hz harmonic is not identified at all.

Figure 2 displays the signal z; and its decomposition into four IMFs (imfl=¢y,
imf2=cy, etc.) and a residual. Clearly, each IMF has captured a different frequency
component of the original signal. The fourth IMF is extremely small and results
from boundary effects in the EMD process. The Hilbert spectra of the individual
IMFs are plotted together in Fig. 2. Now, an effective Hilbert spectrum, or Hilbert-
Huang spectrum, of x; has been obtained, with all three frequency components
clearly identified. Similarly, Fig. 3 depicts two IMFs and a residual generated from
the signal x5. The 2-Hz frequency component has been sifted into the first IMF
and the ramp component has been identified as the second IMF. The mean of the
signal is 2, which has been separated out as the residual. The Hilbert spectrum
clearly shows the 2-Hz component and estimates a low frequency for the ramp
component. This occurs because the ramp is treated as part of a low frequency
wave. The IMFs and Hilbert spectra in Figs. 2 and 3 illustrate that there are some
minor boundary effects associated with the EMD process. Most importantly, these
examples demonstrate that EMD makes it possible to apply the Hilbert transform
to signals that otherwise do not admit well-behaved Hilbert transforms.

Finally, two more examples [21] illustrate automatic and adaptive (signal-
dependent) time-variant filtering of general mixtures of signals. A signal composed
of three components which significantly overlap in time and frequency is success-
fully decomposed in Fig. 4 for the sum of two sinusoidal frequency modulations and
one Gaussian wave packet. Another example, accenting the nonharmonic nature
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of EMD, is given in Fig. 5. The analyzed signal (top) is the sum of three compo-
nents, a sinusoid superimposed on two triangular waveforms with periods smaller
and larger than the sinusoid. The decomposition performed by the EMD is given in
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Empirical Mode Decomposition
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FIGURE 5. Empirical mode decomposition of the sum of one si-
nusoid with two triangular waveforms.

Original signal (top), high-frequency triangular, sinusoid, low-
frequency triangular, and residual.

the three IMFs and the residual. In this case, both linear (sinusoid) and nonlinear
(triangular) oscillations are effectively identified and separated. Harmonic analy-
sis (Fourier, Morlet wavelets) would produce a less succinct and less descriptive
decomposition.

2.1. Filtering Properties

The filtering properties of EMD have been studied in some detail [6, 7, 25]. The
EMD process yields a data-dependent decomposition that focuses on local char-
acteristics of the signal. In particular, EMD sifts out the highest-frequency com-
ponent in the signal at any given time. Indeed, EMD has surprisingly been shown
to behave as a dyadic bandpass filter when decomposing Gaussian white noise,
much like a multiresolution wavelet decomposition. However, the EMD method as
an equivalent dyadic filter bank is only in the sense of its global behavior over the
entire time extent. In representing the time-frequency distribution, the Hilbert
spectrum of each IMF is actually localized at any time. This is different from
predetermined filtering such as with Morlet wavelet filtering.

2.2. Analytical Interpretation

The EMD is faced with the fundamental difficulty of not admitting an analyt-
ical definition, but of rather being defined by the algorithm itself, thus making
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the analysis of its performance and limitations difficult. The need for rigorous
mathematical foundation is imperative. This fundamental problem of the empir-
ical mode decomposition has to be resolved since only with the intrinsic mode
function can nonlinear distorted waveforms be resolved from nonlinear processes.
There have been attempts to circumvent the mathematical difficulties in the EMD
with some success by casting the IMFs in terms of B-splines [3], and applying them
towards mechanical system fault-detection [15]. System identification of the IMF's
as a multi-component system is suggestive in the light of multiresolution system
identification procedures such as multiresolution singular value decompositions,
Kalman filters, and subspace algorithms.

More significantly, characterization of IMF's as solutions to certain self-adjoint
ordinary differential equations is demonstrated [22, 23]. Construction of envelopes
which do not rely on the Hilbert transform is used directly to compute the coefhi-
cients of the differential equations. These equations are natural models for linear
vibrational problems and provide further insight into both the EMD procedure
and utilizing its IMF components to identify systems of differential equations nat-
urally associated with the components. One of the uses of the EMD procedure is
to study solutions to differential equations, and vibration analysis was a major
motivation in the development of the Sturm-Liouville theory.

3. Hilbert Transform and Instantaneous Frequency

The Hilbert transform of a time-domain function or signal x is defined in Eq. 3,

y(t) = H{a()} = ~ PV / RG]

dr (3)
o t—T

where PV denotes the Cauchy principal value, needed because the integrand is
singular at 7 = t. The Hilbert transform can be viewed as the convolution of
the original signal with 1/¢, emphasizing temporal locality of x(¢). Note that,
unlike Fourier analysis, the Hilbert transform of a time-domain signal is another
time-domain signal. The Hilbert transform is sometimes applied to frequency-
domain signals using a similar expression as Eq. 3, but this paper will focus on the
time-domain case. In practice, the Hilbert transform is usually calculated using
the Fourier transform. Therefore, the fast Fourier transform algorithm can be
employed for the efficient calculation of the Hilbert transform.

A signal, z, and its Hilbert transform, y, can be used to define a complex
analytical signal as in Eq. 4.

2(t) =a(t)eV = a(t) +iy(t) (4)

Therefore, the Hilbert transform pair {z(t), y(t)} can be expressed as a harmonic
function with time-varying amplitude a(t) and time-varying phase angle 0(¢).

a(t) = V() +y(t)?
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Given the time-dependent phase angle, the instantaneous frequency of the signal
can be defined as [5]
do(t)

dt -
In the context of Eq. 3 with instantaneous frequency, the Hilbert transform of an
IMF can be interpreted as giving the best fit with a sinusoidal function to the data
weighted by 1/t. Instantaneous frequency can be computed using the derivative
definition or centralized finite difference. [5] In general, there are an infinite number
of ways to express a signal as in Eq. 4, so there can also be an infinite number of
instantaneous frequencies. The Hilbert-transform pair was proposed to uniquely
define the amplitude and phase by building the complex analytic signal from the
given signal with the original signal, x(t), as the real part and the orthogonal
transformed signal, y(t), the imaginary part, out of phase with x(t) by 7. Now
given the set of Hilbert-transformed IMFs and associated instantaneous frequencies
w;(t) for each IMF component, the Hilbert spectrum, H(w,t), is defined as the
time-frequency distribution of the IMF amplitudes.

n
H(wj,ti) = aj(t:),Vw;(ti) <= a(t) =Y aj(t)e’]«i (5)

Jj=1

w(t) =

Note that Fourier analysis yields the decomposition

o0
z(t) = Z aje™ it
=0

which is similar to the form of the Hilbert transform in Eq. 5. A key difference,
however, is that the Fourier decomposition is in terms of harmonics with constant
amplitudes and frequencies. In contrast, the Hilbert transform yields instantaneous
amplitudes and frequencies. Therefore, in principle, the Hilbert transform is an
ideal tool for the time-frequency analysis of a general class of signals, including
nonstationary signals.

Another important distinction between Fourier analysis and the Hilbert trans-
form is that the Fourier decomposition is in terms of multiple harmonics of constant
amplitude and frequency, thereby producing artificial harmonics to maintain en-
ergy conservation for nonstationary and nonlinear data. In contrast, the Hilbert
transform of a signal yields an expression in terms of a single harmonic with
a time-varying frequency and amplitude. For this reason, the Hilbert transform
is only suitable for the analysis of mono-component signals, or signals that are
composed of a single frequency component at any instant in time. This is a con-
siderable limitation as it implies that the Hilbert transform cannot be directly
applied to signals that are composed of multiple harmonics. As was shown, the
Hilbert transform fails to identify the individual frequencies and instead computes
a single instantaneous frequency that corresponds to a weighted average of the
component frequencies. The resulting instantaneous frequency is both physically
invalid and erroneous [4] since a multi-component signal has more than one in-
stantaneous frequency. An additional limitation of the Hilbert transform is that
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it yields extremely distorted estimates of the instantaneous frequencies of signals
with nonzero mean and signals that have more local extrema than zero crossings.

The EMD responds to the dilemma surrounding the applicability of instan-
taneous frequency. It decomposes a multi-component signal into its associated
mono-components while not obscuring or obliterating the physical essentials of
the signal and allows the traditional definition of instantaneous frequency to be
complete by being applicable to signals of both mono- and multi-component. To
follow the true frequency evolution within a multi-component signal, it is necessary
to break down the components into individual and physically meaningful intrin-
sic parts. The adaptive and nonarbitrary decomposition using EMD produces an
orthogonal set of intrinsic components each retaining the true physical charac-
teristics of the original signal. The mono-components or intrinsic modes satisfy
the conditions for a well-defined notion of instantaneous frequency. These condi-
tions include symmetry, no dependence on predefined time scales, revelation of the
nature of simultaneous amplitude and phase variation, and near-orthogonality.

Finally, since instantaneous frequency displays frequency variation with time,
changes of dynamic states indicative of nonlinearity can be identified. For example,
if the instantaneous frequency of a new mode is about half of the frequency of the
old mode in a bifurcation, period doubling occurs. If the instantaneous frequency
of the new mode is disproportionate with the old mode, quasi-periodic bifurca-
tion occurs. Similarly, intermittence and chaotic motion can be determined. A
dynamic state can be diagnosed simultaneously by observing the changes in time
of the instantaneous frequency components and their corresponding energy. In
summary, the concept of mode defined in relation to instantaneous frequency as a
periodic-modal structure in the instantaneous time-frequency plane is found to be
more appropriate than artificial sinusoidal harmonics in characterizing nonlinear
responses [26]. Instantaneous frequency is a quantity critical for understanding
nonstationary and nonlinear processes.

4. Local On-Line Decompositions

In the original EMD formulation, sifting iterations are applied to the predefined
full length signal as long as there exists a locality at which the mean of the upper
and lower envelopes is not considered sufficiently small enough. Excessive iterations
on the entire signal to achieve a better local approximation contaminates other
parts of the signal by overcompressing the amplitude and overdecomposing it by
spreading out its components over adjacent intrinsic modes; i.e., overiteration leads
to overdecomposition. The various stoppage criteria (to fulfill that the number of
extrema and the number of zero crossings must differ at most by one, and that the
mean between the upper and lower envelopes must be close to zero) are attempts
to avoid the rigor of the symmetry of the envelopes without a mathematically
rigorous definition for an adaptive basis. The hierarchical and nonlinear nature of
the EMD algorithm will not provide that the EMD of segmented signals will be
the segmentation of individual EMDs. Therefore, a variation referred to as local
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EMD [21] introduces an intermediate step in the sifting process. Localities at which
the error remains large are identified and isolated, and extra iterations are applied
only to them. This is achieved by introducing a weighting function such that
maximum weighting is on those connected segments above a threshold amplitude,
with a soft decay to zero outside those supports, much like soft-thresholding is
done in wavelet denoising.

Another option is based on the idea that sifting relies on interpolations be-
tween extrema, and thus only requires a finite number of them (five minima and
five maxima in the case of the recommended cubic splines [3, 8]) for local interpola-
tion. Extraction of a mode could therefore be moving blockwise instead of globally
over the entire time span. This led to the development of the on-line EMD [21].
A prerequisite for the sliding window extraction of a mode is to apply the same
number of sifting steps to all blocks in order to prevent possible discontinuities.
Since this would require the knowledge of the entire signal, the number of sifting
operations is proposed to be fixed a priori to a number less than 10 for effective
application of the on-line version of the EMD algorithm operating in coordination
with the local EMD described above. The leading edge of the window progresses
when new data become available, whereas the trailing edge progresses by blocks
when the stopping criterion is met on a block. Therefore, an IMF and correspond-
ing residual are computed sequentially, then again applied to this residual, thus
extracting the next mode with some delay.

An aileron command multisine input used on the F/A-18 AAW for aeroser-
voelastic response and flutter clearance is shown in Fig. 6 (top plots) using the stan-
dard EMD (left) and local/on-line version (right). The bandpass nature of IMFs [6,
7, 25] is reflected in the three standard IMF mean frequencies, {23.9,16.3,7.7} Hz
for each of IMFs {#1, #2, #3}, respectively, and on-line corresponding IMF mean
frequencies {23.6,13.0,7.2} Hz. Immediately noticeable is the more efficient ex-
traction of the signal components by the local/on-line algorithm, most evident
by the second and third IMFs (imf2 and imf3) being more sparse than the corre-
sponding standard IMF's. Besides the obvious advantage of an on-line algorithm for
decomposing data, it has been found to clearly surpass the standard global algo-
rithm in terms of computational burden, especially with long original data records.
An added bonus is that it generally has better orthogonality properties among the
IMFs, witnessed by an order of magnitude improvement in the orthogonality index
defined in Eq. 2.

5. Local Analytic Signal Correlation

Since the IMFs allow permissible, meaningful, physically sensible, and unique in-
terpretations of instantaneous frequency of general signals of interest, they fit into
the class of asymptotic signals such that the time variation of the IMF amplitude
and frequency may directly be recovered from the time variation of the amplitude
and of the phase derivative of the associated analytic signal. An IMF after perform-
ing the Hilbert transform can be written as in Eq. 4. These complex components
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FIGURE 7. EMDs (constant vertical plot scales) of F/A-18-
AAW aircraft left-fwd wingtip accel (top-left, Accel#3), right-fwd
wingtip accel (top-right, Accel#1), left-aft wingtip accel (bottom-
left, Accel#4), and right-aft wingtip accel (bottom-right, Ac-
cel#2), responses from the multisine symmetric aileron command
shown in Fig. 6 (original signal at top and residual at bottom in
each set).

are now used for analysis of analytic data correlations [1, 2] between input-output
and amongst spatially distributed sensor outputs. Note that these analyses are
all local in nature since there are no assumptions of stationarity, and differ from
classical double-time expressions [1] by being instantaneous.
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5.1. Local Correlation Coefficient

Correlations are made between transformed IMFs of various signals given the
associated complex analytic signals

Z(t) = Az ()e'?*®  =z(t) +izg(t)
Zy(t) = Ay (t)e'tv ® = y(t) +iynu(t)
by considering the cross-analytic signal defined in Eq. 6 by
Zauy(t) = Z7 (1) Zy(t) = Ax(t) Ay (t)ei%y(t)
= A.(t)A, (t)ei[(wy—wm)t+(¢0y—¢0m)] (6)

which is not necessarily analytic but can be used to characterize the time variation
of the phase difference between components at similar frequencies extracted from
two simultaneously acquired signals. This Hilbert demodulation technique is only
applicable for analytic components, in this case the transformed IMFs of the orig-
inal signals. If the two components are mainly in-phase and a change occurs in the
cross-analytic signal, the instantaneous frequencies of the two components may
be drifting apart and this produces an instantaneous contribution to the phase
difference from Eq. 6. A measure of the local correlation between components, in
terms of simultaneous changes in instantaneous amplitude or frequency (phase)
between analytic signals, is the Hilbert Local Correlation Coeffcient, HLCC'

HLCC(t) = B = cos[gn, (b))

As a simple illustration of the utility of the HLCC, Fig. 7 shows the EMDs
of wingtip accelerometer responses (accels) due to a symmetric aileron input, with
the top plot in each set being the original signal, followed by EMDs 1-3 and
the residual. The top two sets represent the forward (fwd) wingtip accels, and
corresponding IMFs seem not to compare quite as well as the bottom two IMF
sets of aft wingtip accels for the same input. The bottom IMF sets seem much
more correlated with each other than the top two sets.

Table 1 lists the means, medians, and standard deviations of the HLC'C data
over the time span of the maneuver. Note that H LCCJ}" indicates correlation co-
efficients between Accel#m and Accel#n, using cross-analytic IMF function Z,
correlating Accel#m’s IMFx to Accel#n’s IMFy. Results from the table indicate
strongest Hilbert local correlation coefficients for Z,, when = = y, as expected
since this is a correlation between similar bandpass characteristics of IMFs from
different responses due to the same input. For comparison, the standard statisti-
cal signal correlation coefficient between Accel#1 and #3 is C'? = 0.8633, and
between Accel#2 and #4 is C?* = 0.8332 (correlating fwd-to-fwd accels and aft-to-
aft accels, respectively, wingtip-to-wingtip). This is consistent with the top original
signal plots in Fig. 7 in that the forward wingtip accels (top two, fwd) seem to cor-
relate reasonably well with each other, as also between the bottom two (aft), but
not top compared with the bottom. Evident in Table 1 is the common standard
deviations (ST'D in all the correlations, near ST'D = 0.7). In the HLCC values
good commonality is found between the mean and medians comparing HLCC'3
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and HLCC?* in that the trend is similar amongst the cross-analytic IMF func-
tions Z,, where = and y correspond to respective IMF numbers in different accel
EMDs. This is surprising, since in Fig. 7 the correlation in corresponding IMF's
seems much worse between the two fwd accels (top plot IMFs) than between the
two aft accels (bottom plot IMFs).

TABLE 1. HLCC results from F/A-18 AAW wingtip accelerations.

Zyy | Mean HLCC'3  Median HLCC'® STD*'3
Z11 0.3283 0.5968 0.6801
VAD 0.0917 0.1782 0.7171
VAR 0.0098 0.0252 0.7113
Zan 0.0953 0.1870 0.7148
Zao 0.1844 0.3500 0.7048
Za3 0.1187 0.2364 0.7136
Z31 -0.0071 -0.0175 0.7075
Z30 0.0845 0.1753 0.7097
Z33 0.2403 0.4425 0.6866
Z11 | Mean HLCC?* Median HLCC?** STD**
Z1o 0.0502 0.1080 0.7142
VAR 0.0005 -0.0106 0.7057
Zan 0.0492 0.0896 0.7095
Zao 0.2197 0.4012 0.7023
Za3 0.0692 0.1319 0.7052
Z31 0.0032 0.0062 0.7056
Z30 0.0996 0.2025 0.7183
Z33 0.1553 0.2877 0.7027

Figure 8 shows the HLCC functions between Accel#1 and Accel#3 (HLCC;3)
at 5-20 s. Decomposing and representing correlations like this allows a true time-
localized instantaneous measure revealing subtle properties in the data and incon-
spicuous relations to other data sets using analytic components.

5.2. Instantaneous Transfer Function

In addition to investigating correlations between sensors, an instantaneous system
transfer function is introduced with instantaneous magnitude and the HLCC' as
a phase parameter between input-output analytic signals. This is viable in terms
of the HHT inducing analytic properties to the IMFs to yield localized system
input-output properties. Instantaneous transfer function (I7TF), its instantaneous
magnitude (IM), and its instantaneous phase (IP) are defined.

Zay(t).

ITF(t) = Zaa(®)’

IM(t) = [ITF(t)|; IP(t) = cos '[HLCC(t)] = ¢uy(t)
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FIGURE 8. H LCC;,Z functions between IMFs of Accel#1 (top
right, Fig. 7) and Accel#3 (top left, Fig. 7).

In Fig. 9 the top set of plots represent instantaneous magnitude (I M;}?}) and the
bottom plots represent instantaneous phase (I P;}yl) from the instantaneous trans-
fer function (ITFg}) of the aileron command input (Fig. 6) to Accel#1 (top right,
Fig. 7) analytic IMFs (Hilbert-transformed i.e., {Z;, Z,}). Note that ITF}" in-
dicates transfer functions between Input#m and Accel#n, using cross-analytic
IMF function Z,, correlating Input#m’s IMFx to Accel#n’s IMFy. In this sense,
by interpreting the input-output Hilbert-transformed pairs of IMFs as a multi-
component system of input-output signals, local stability measures are deemed to
be feasible by tracking gain, phase, and instantaneous frequencies between each
IMF pair. How these local IMF properties correspond to global system properties,
given the analytic transformed IMFs, and aeroelastic and aeroservoelatic applica-
tions in stability and health monitoring, are currently being researched.
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FIGURE 9. Instantaneous log-magnitude (IM2}, top plot set) and
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F/A-18 AAW aileron input (Fig. 6) to Accel#1 (top right, Fig. 7).
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5.3. Empirigrams and Empirical Local Correlation Coefficient

Given two EMDs from different signals, select a common number of IMFs to use
for correlation (as three were selected in earlier examples for input and outputs).
This is generally not difficult, especially for aeroelasticity data, since the higher-
numbered IMFs approach a residual characteristic quickly. From the transformed
IMFs, {Z,(t), Z,(t)}, define the corresponding set of two-dimensional Hilbert em-
pirigrams, {Hy (s, t), Hy(ny,t)}, where for each common 7 = n, = n,, the IMF
number from the input EMD corresponds with the output EMD. Define in Eq. 7
the Hilbert cross-empirigram

Hl’y(777t) = H;(n7t)Hy(777t) (7)

which correlates the respective IMF's from the two Hilbert empirigrams. Empiri-
grams relate to time-scale wavelet scalograms [5], which relate to time-frequency
maps, since scales relate to frequencies in standard wavelet decompositions. Be-
cause of the bandpass nature of IMF's discussed previously, a similar construction
emanates with the HHT. As with wavelet scalograms, the real part of the cross-
empirigram (co-empirigram) gives the instantaneous contribution of each IMF to
the correlation between two signals. An Empirical Local Correlation Coeflicient,
ELCC(n,t), is then defined as

_ Re[Hay ()] _ Re[Hay(n,t)]
BLOCOLD = a6l = (8, (n, 0] [H,(n.0)

where ELCC(n,t) (between +1, as the HLCC) gives the instantaneous contribu-
tion between corresponding IMF's from the two signals to the correlation coefficient.
Figure 10 shows an imaged decomposition plot of the ELC'C between the input
signal from Fig. 6 to Accel#1 in Fig. 7, but includes all nine IMFs from the EMDs
of the input and output. The first row represents the contributions of the first
input IMF to first output IMF, etc., up to the ninth IMF. In each IMF row there
is much oscillation (higher frequency in the first and lower frequency to the ninth)
of contributions from corresponding IMFs to the correlation. There are generally
stronger correlations over longer time spans in the higher-numbered IMFs (lower
frequencies), but the lower-numbered IMF correlations are less obvious due to the
higher frequency content. There is a tendency to cycle from high-to-low-to-high
[strong(positive)-to-none-to-strong(negative)] correlation very rapidly. A more de-
tailed depiction in the zoomed-in bottom plot, between 10-11 s, demonstrates a
rich interplay between correlation of mid-to-lower IMFs (higher frequencies) over
the shorter time period. Yet another view is presented in Fig. 11, where the con-
tours are split up discretely in three dimensions showing the heavy emphasis in
the higher frequencies because the contours are more congested in each of the IMF
levels. These representations highlight the areas of commonality and incongruity
between corresponding input-output IMFs.

From the Hilbert spectrum H(w,t) the energy spectrum H?(w,t) gives in-
stantaneous energy,

IE(t) = / H*(w, t)dw
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FIGURE 11. ELCC represented using a three-dimensional con-
tour of the result in Fig. 10.

which is an indication of the energy fluctuations with time being weighted by the
Hilbert spectrum localized energy over the entire set of IMF's. Corresponding to the
signals in Fig. 7 are the instantaneous energy profiles of the output accelerometer
responses in Fig. 12 (top set of four plots). The aft wingtip accels (bottom plots) are
very similar (from the symmetric aileron input), indicating energy at {7 — 10, 13 —
20, 30} s time locations. In this case, with the particular multisine input from Fig. 6
programmed over the 3 — 35 Hz frequency range, these times correspond closely to
the primary F/A-18 AAW modal frequencies in a corresponding frequency range,
ie., {6—9,12—20,30—35} Hz, as will be shown with marginal Hilbert spectra. The
forward accelerometer responses in the top plots are also very similar indicating
modes near {6,12 — 17,25 — 32} Hz. Instantaneous energy over a sensor suite is
therefore a nonstationary indicator of time-varying energy distribution amongst
the sensor array.
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FIGURE 12. Instantaneous energy (top plot set) and marginal
spectra (bottom plot set) of right-fwd wingtip accel (top right,
Accel#1), right-aft wingtip accel (bottom right, Accel#2), left-
fwd wingtip accel (top left, Accel#3), and left-aft wingtip accel
(bottom left, Accel#4) responses, respectively in each set, from
the multisine symmetric aileron command shown in Fig. 6.
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6. Marginal Spectra

From the Hilbert spectrum H (w,t), the marginal spectrum is also defined.

h(w) = /tH(w,t)dt

Corresponding to the signals in Fig. 7 are the marginal spectra of the output
accelerometer responses in Fig. 12 (bottom set of four plots). The aft wingtip
accels (bottom plots) are again similar showing modal response at {5 — 10,12 —
20,30 — 35} Hz. The forward accelerometer responses in the top plots are also
again very similar indicating modes near {6,12 — 17,25 — 32} Hz.

The marginal spectrum measures total amplitude (or energy) contributions
from each frequency value over the entire data record in a probabilistic sense.
Frequency in either H(w,t) or h(w) is very different from Fourier spectral analy-
sis. In the Fourier analysis the existence of energy at a frequency implies a wave
component persisting through the data. Energy at the marginal Hilbert frequency,
however, implies a higher likelihood (expected value over time) for such a wave
to have appeared locally. As stated earlier, the Hilbert transform of an IMF gives
the best fit with a sinusoidal function to the data weighted by 1/¢, which makes
it instantaneous. In fact, the Hilbert spectrum is a weighted nonnormalized joint
amplitude-frequency-time distribution in which the weight assigned to each time-
frequency cell is the local amplitude. Consequently, frequency in the marginal
spectrum indicates only the likelihood that an oscillation with such a frequency
exists. Exact occurrence of frequency content is given in the full Hilbert spectrum.
The Fourier spectrum is meaningless for nonstationary data, and there is little
similarity between Hilbert and Fourier from previous studies [8, 9] for nonstation-
ary data. Also, marginal cross-spectra between signals does not make sense since
the time-dependence (causality) is lost and the frequencies are time-ignorant, so
an input-output correlation at a certain frequency is meaningless.

The time-frequency Fourier spectrum, a spectrogram, suffers from the same
restrictions over time due to windowing distortions. There is a lower bound on the
local time-frequency resolution uncertainty product of the spectrogram due to the
windowing operation. This limitation is an inherent property of the spectrogram
and is not a property of the signal or a fundamental limit [17]. For many other
time-frequency distributions, the local uncertainty product is less than that of the
Fourier spectrogram and can be arbitrarily small. These results are contrary to the
common notion that the uncertainty principle limits local quantities. Similar con-
siderations apply to window-based filter bank (wavelet) methods. This limitation
is due to the window and not to any inherent property of the signal.

This is a key point for application and understanding of HHT analysis, that
windowing is not a factor, so standard time-frequency resolution limitations based
on the uncertainty principle do not apply. As seen in the on-line analysis, an
adaptive sliding window method has good performance simply requiring adequate
data in the window to initiate a sifting process for satisfying the two IMF properties
for analyticity.
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7. Wing Dynamics Analysis

Dynamics between different sensors from the same input will now be investigated.
This information will be used to guide the analysis of a group of wing accelerometer
responses from a single input in terms of input-output correlation contribution for
the F/A-18 AAW aircraft [18] and Aerostructures Test Wing (ATW) [12].

7.1. F/A-18 Active Aeroelastic Wing (AAW) Aircraft

Collective F/A-18 AAW aileron position, used as the multisine input, was obtained
as the average of four position transducer measurements from the right and left
ailerons. Outputs are twelve wing structural accelerometers located at the left (six
accels) and correponding right (six accels) outer wings, all sampled at 400 sps, as
designated in Table 2.

TABLE 2. F/A-18 AAW wing accelerometer nomenclature.

3. L-wt-fwd 1. R-wt-fwd
3. L-wingtip forward 1. R-wingtip forward
7. L-wof-fwd 5. R-wof-fwd
7. L-wing outer-fold forward | 5. R-wing outer-fold forward
11. L-wif-fwd 9. R-wif-fwd
11. L-wing inner-fold forward | 9. R-wing inner-fold forward
4. L-wt-aft 2. R-wt-aft
4. L-wingtip aft 2. R-wingtip aft
8. L-wof-aft 6. R-wof-aft
8. L-wing outer-fold aft 6. R-wing outer-fold aft
12. L-wif-aft 10. R~wif-aft
12. L-wing inner-fold aft 10. R-wing inner-fold aft

EMDs were calculated for the input and all outputs, with mean frequencies
calculated for all the output IMFs compared to the single input IMFs. Table 3 is
a summary of the results. Included are the first six IMFs averaged amongst the
accels, percentage differences of these compared to the input IMFs, and standard
deviations of output sensor IMFs (numbered 1-12). The accels correspond very
well amongst each other in IMF frequencies (as frequency decreases, from left to
right). The comparison to the input frequency is excellent even though input and
output EMDs are performed independently. Orthogonality of the IMF's in each
case was also very good. This shows that for this type of data, where responses
are all from a common input (whether it is known or not), IMFs can be used for
sensor-to-sensor correlation and input-output analysis.

Now the concept of the using the essentially-orthogonal analytic IMF's from
the inputs and outputs is pursued to establish a multi-loop connotation of input
IMFs to output IMF's for correlation and even stability properties. The input IMFs
are interpreted as an orthogonal decomposition of the input(s), and the same for
output IMFs for output(s). This can be generalized to multi-input-multi-output
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TABLE 3. IMF frequencies from F/A-18 AAW input collective
aileron position and outer wing response data.

Signal IMF1 IMF2 IMF3 | IMF4 IMF5 IMF6
0. Input | 116.62 59.61 29.34 | 16.75 9.05  4.90
1. 99.05 56.94 27.90 | 12.56 6.96  3.62
2. 123.85 71.36 35.15 | 16.83 9.35  5.02
3. 114.47 66.05 33.78 | 15.06 7.95 5.32
4. 127.56 78.71 41.73 | 21.06 11.92  6.58
5. 105.83 5852 32.06 | 17.17 9.34  5.47
6. 96.31 54.96 29.24 | 1491 8.64  4.63
7. 115.93 58.77 30.88 | 16.59 8.66  4.32
8. 102.99 52.76 27.14 | 15.35 8.65  4.83
9. 112.19 60.61 31.99 | 17.78 9.90  5.17
10. 115.39 64.07 36.09 | 19.05 10.29 5.72
11. 124.91 66.06 32.99 | 18.32 10.53 5.19
12. 129.41 66.05 34.02 | 17.97 9.66  4.92
Average Output IMF Frequencies
Mag 114.0 629 328 16.9 9.3 5.1
Wrt Inp | 2.3% 52% 10.4% | 0.8% 2.9% 3.2%
Output IMF Frequency STDs
Mag 11.2 7.3 4.0 2.2 1.3 0.7
Wrt Avg | 9.8% 11.7% 12.1% | 13.2% 13.9% 14.4%

(MIMO) signal analysis where in reality each signal is represented by its EMD.
Recall from the transformed input-output IMFs, {Z,(t), Z,(t)}, the corresponding
set of empirigrams {Hy(ns,t), Hy(ny,t)} were defined in Eq. 7 for each set of
1N = 1z = 1y common IMFs from the input and output EMDs. For the analysis
described here it is not necessary to use an identical number, n, of IMFs from
input and output (but this restriction is maintained here for simplicity). Then the
Hilbert cross-empirigram Hy,(n,t) = Hx(n,t)Hy(n,t) correlates the respective
analytic IMFs from the two Hilbert empirigrams. Now define

ory(n) = olHi(n,t)H, (n,t)]

where o, represents the n-vector of singular values from the singular value decom-
position (SVD) of the product of the empirigrams. The singular values represent
relative contributions from the principal cross-correlation analytic IMF's as a result
of correlation of all input analytic IMF's to all output analytic IMF's over the entire
time span. Therefore, higher o-valued cross-analytic IMF's have more input-output
significance in terms of operator norm from input to output. The maximum sin-
gular value, 6, = max, (04, (7)), of this input-output operator corresponds to the
structured singular value with a full-complex uncertainty block structure. In this
context, for M = H*(n, t)H, ;F (n,t), a complex matrix operator of input analytic
IMFs to output analytic IMFs, pua (M) is a measure of the smallest uncertainty
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A = C"™1 (note that if 7, # n,, then A = C»*"* is not square) that causes
instability if interpreted as a constant matrix feedback loop [32],

pa=creny(M) = &[H;(n,t)H, (1,1)]

and for scalar uncertainty structure A = {éI, : § € C} representing diagonal
structure between input-output IMF's,
pa(M) = plH;(n,t)H, (n,1)]

where p is the spectral radius (largest magnitude eigenvalue). This is distinctly
different from the full-block structure in that uncertainty is only between corre-
sponding input-output analytic IMFs (similar dominant frequencies), while ignor-
ing uncertainty across different analytic IMFs (of different dominant frequencies)
between input and output. This is obviously less conservative but generally less
realistic as well, especially for nonlinear effects which cross frequencies. Larger pa
values in either case represent effects of uncertainty between input and output
such that higher correlated IMFs relate to more sensitivity to uncertainty at those
dominant IMF frequencies.

For MIMO signal analysis, it would be most appropriate to combine com-
plex blocks (either full or scalar) for each input-output into a multi-block struc-
ture, where each complex sub-block corresponds to an input-output analytic IMF
complex uncertainty structure. In computation this is often expanded in a block-
diagonal context with repeated scalar and full blocks [32], where in this case each of
these blocks would correspond to a single input-output analytic IMF uncertainty
structure.

TABLE 4. Normalized pa results from F/A-18 AAW left and right
wing acceleration data.

Full 3. L-wt-fwd 7. L-wof-fwd 11. L-wif-fwd | 9. R-wif-fwd 5. R-wof-fwd 1. R-wt-fwd
Block 4. L-wt-aft 8. L-wof-aft 12. L-wif-aft 10. R-wif-aft 6. R-wof-aft 2. R-wt-aft
Fwd-wing 0.29 0.29 0.73 1.00 0.62 0.80
Aft-wing 0.65 0.67 0.56 0.19 0.31 0.72
Scalar 3. L-wt-fwd 7. L-wof-fwd 11. L-wif-fwd | 9. R-wif-fwd 5. R-wof-fwd 1. R-wt-fwd
Block 4. L-wt-aft 8. L-wof-aft 12. L-wif-aft | 10. R-wif-aft 6. R-wof-aft 2. R-wt-aft
Fwd-wing 0.11 0.13 0.19 1.00 0.47 0.49
Aft-wing 0.23 0.42 0.27 0.11 0.06 0.34

To compare input-to-output correlations from aileron position to wing accels
for different uncertainty structures, structured singular values were computed for
the full-block and scalar-block structures between the collective aileron position
and F/A-18 AAW wing accelerometer responses, then normalized with respect to
the largest of the group. Table 4 lists the results for both types of uncertainty struc-
tures. Accelerometer#9 has the highest correlation (=1.00) with the input aileron
position in either case. Interestingly, comparison between left and right wing accels
is poor even from a symmetric aileron input, thereby indicating asymmetry and/or
nonlinearity. Lower pa values indicate a degree of robustness to uncertainty in a
feedback stability sense, and as pointed out previously, scalar uncertainty is preva-
lently less conservative (as evidenced from absolute values before normalizing since
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FIGURE 13. Time-varying ua (M, t) (dB) for full-block (top plots)

and scalar-block (bottom plots) uncertainty.
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the normalization factor is almost equal between the uncertainty structures). If an
a priori bound on gain levels (normalization) between input-output is defined such
that || A |leo< 1 is considered acceptable in some sense (stability, health diag-
nostic, safety margin), then ua has an absolute (scaled) interpretation such that
A > 1 indicates that an acceptable threshold has been exceeded, and this can be
used as a health, stability, or safety monitor.

A time-dependent interpretation is also available by calculating pua (M, t) at
each time point.

MA(Mv t)

p[H:(n, t:)HT (n,t;)]Vt;  (scalar-block)
= G[Hx(n,t:)HI (n,t;)]vt; (full-block)

In Fig. 13 are plots of ua(M,t) for each input-to-output (aileron-to-accel) nor-
malized analytic IMFs where it is evident that values close to one (0 dB) are
near a unity operator norm limit. Again, this depends on the bound || A ||eo< 1
indicating an acceptable threshold, in this case maximum input-to-output gain
normalized to one. Values close to one (0 dB) approach the acceptable limit. This
uncertainty structure application has implications for model validation in the time
domain [19].

7.2. Aerostructures Test Wing (ATW)

Another example which includes an actual instability is taken from Aerostructures
Test Wing [12] (ATW) flight test data. The input is a sine sweep PZT voltage and
outputs are three wingtip accelerometer responses. The EMDs of the PZT input
and center wingtip accelerometer output near the flutter condition are displayed
in Fig. 14. Flutter response EMDs of the center wingtip accelerometer and cor-
responding pa(M,t) plots between input analytic IMFs and all three wingtip
accelerometer output analytic IMFs are shown in Fig. 15. The input PZT was not
activated during the flutter occurrence, so the input is essentially a small arbi-
trary oscillation about zero. It is evident that at the point of instability past 7.5
s, ua(M,t) appropriately approaches a value of one (0 dB) since the input and
output are normalized to unity, and assuming this limit corresponds to the limit
of stability, and output response approaches its upper limit at flutter.

8. Parameter Estimation Using HHT

The Hilbert transform can used for estimating modal parameters such as natural
frequencies and damping ratios. For a single-mode system, the damped natural
frequency can be easily determined from the Hilbert transform of the impulse
response function. In this case, the damped natural frequency wy is given by the
slope of the instantaneous phase angle plotted as a function of time, and damping
ratio ¢ is estimated in a straightforward manner [24].

For a linear single-mode system characterized by a pair of complex conjugate
eigenvalues, the eigenvalues are directly related to the modal parameters as —Cw,, +
wq should be imaginary, where w,, denotes the natural frequency. The impulse
response function is
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FIGURE 14. Empirical mode decomposition of the ATW input
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put and output IMFs of the three wingtip accelerometer outputs
(right plots).
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1
h(t) = ——e ™t sin(wgt
t)=_ o (wat)
where m denotes the mass. Provided the damping ratio is small, the following

relationships hold [24]

H{e ““rfsin(wgt)} = e ““fcos(wat)

H {e_C“’“t cos(wat)} = —e~S“nt gin(wgt)
where again H denotes the Hilbert transform. Therefore, the Hilbert transform of
the impulse response function can be written as

H{h(t)} = h(t) = —

——e~wnt cos(wgt).
mwq
The impulse response function can then be viewed as the real part of the following
analytic signal [24]
2(t) h(t) + ih(t)
1 1
= e “nlsin(wgt) + i——e “nt cos(wqt).
mwq mwq

The amplitude of this signal is given by

a(t) =/ h(t)2 + h(t)2 = ie—cw

d

which represents the envelope of the impulse response. Taking the natural loga-
rithm of the amplitude yields

In (a(t)) = —Cwnt — In (Mmwy) .

The slope o of the natural log of a(t) plotted against time gives ¢ = —(w,,. Given
that wg can be obtained from the slope of the phase plotted against time, and
using the definition of the damped natural frequency, there results w,,

wg = V1-Cw,

wg

wn = y/wi+o0?

and the damping ratio can be calculated as ( = o/w,,. This approach to damping
estimation is in the same spirit as the logarithmic decrement technique commonly
used in structural dynamics.

Most systems have multiple modes, however, which implies that the impulse
response function will generally contain contributions from several modes. There-
fore, because they are valid only for single-mode systems, logarithmic decrement
or the approach based on the Hilbert transform cannot be used for estimating
damping. As emphasized earlier, the Hilbert transform does not yield meaningful
frequency information for multiple-mode systems since it attempts to identify a sin-
gle instantaneous frequency at each time step. The Hilbert-Huang algorithm makes
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it possible to apply the above technique for damping and frequency estimation be-
cause it can decompose a multi-component signal into a series of single-component
signals through the EMD process. By performing EMD on the impulse response
function of a multiple-mode system, the contributions of the different modes can
be extracted and analyzed separately. This approach has been applied by Yang et
al. [27, 28, 29] in a series of papers in which the Hilbert-Huang algorithm was used
for parameter estimation of several multiple degree-of-freedom structures. A simi-
lar analysis is used here to estimate damping ratios and frequencies for aeroelastic
systems.

As an example, consider a prototypical linear pitch-plunge aeroelastic system
that has been studied extensively in the literature. The system consists of an airfoil
with pitch and plunge degrees of freedom, and the input is the deflection of the
trailing edge flap. In this study, the flow velocity U is varied until the linear flutter
speed is reached at approximately U = 11.8 m/s.

Because this system has two outputs, pitch and plunge, there are two impulse
response functions that can be measured. Each of these functions generally contains
contributions from both modes of the system. As an example, Fig. 16 depicts the
pitch and plunge impulse response functions for a flow velocity of U = 8 m/s. These
were obtained by simulating the pitch and plunge responses to an impulse applied
to the trailing edge flap. The plunge impulse responses are used over a range of
flow velocities to measure frequencies and damping ratios using the Hilbert-Huang
algorithm. These impulse response functions are obtained by way of simulation in
this paper, but in practice they can be obtained by way of system identification
techniques such as taking the inverse Fourier transform of the measured frequency
response function or identifying first-order Volterra kernels from measured input-
output data.

The plunge impulse response functions were used to estimate the damped
natural frequencies, damping ratios, and natural frequencies over a range of flow
velocities. The results are summarized in Table 5, which lists the actual and esti-
mated damped natural frequencies and damping ratios for flow velocities ranging
from U =1 m/s to U =11.9 m/s (just past the linear flutter speed). The actual
frequencies and damping ratios were calculated by solving for the eigenvalues of
the system. The estimation of the modal parameters for U = 8 m/s is demon-
strated in Figs. 17 and 18. Figure 17 illustrates the EMD of the plunge impulse
response function at U = 8 m/s. In this case, both modes of vibration are evi-
dent in the first intrinsic mode function. This is because the first, higher-frequency
mode damps out quickly and the second mode persists for a longer period of time.
Therefore, the frequencies and damping ratios of both modes were estimated by
using different portions of the first IMF, as depicted in Fig. 18. The figure shows
plots of the instantaneous phase and the natural log of the amplitude of the first
IMF. Recall that the slopes of these lines are used to estimate the modal param-
eters. The initial portion of the amplitude plot is not a straight line because of
initial transients in the IMF and possible boundary effects. Therefore, the portions
of the plot that most resembled straight lines were used for the slope calculations
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for each mode, as labeled in the figure. Because this analysis technique is only
approximate depending on the magnitude of the damping ratio (increased error
for larger damping), the amplitude curve tends to oscillate about an average slope.
Therefore, the slope in each case was obtained using a linear least-squares curve-fit

of the data [27, 28, 29].

The results presented in Table 5 show that the estimates of the damped
natural frequencies and damping ratios are fairly accurate in most cases. As the
linear flutter speed (approximately U = 11.8 m/s) is approached, the plunge mode
is not discernible in the IMFs. In this regime, the system behaves essentially as a
single-mode system and it was not possible to estimate the damping and frequency
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FIGURE 17. Empirical mode decomposition of the plunge impulse
response function (m/rad) at U = 8 m/s.

of the plunge mode. The actual and estimated damping ratios for each mode are
plotted as a function of flow velocity in Fig. 19.

A few observations are now presented. The first IMF was used to estimate
the parameters of both modes. The analysis would be somewhat cleaner if each
mode appeared in a different IMF. This is indeed the case in the work of Yang et
al. [27, 28, 29] in which the frequency range of each IMF is controlled in the EMD
process. Therefore, controlling the frequency range of each IMF is an option that
could enhance the parameter estimation procedure. Also, even though parameters
for both modes were estimated using a single IMF, the same results would generally
not be obtained from an analysis of the impulse response function without the
benefit of EMD. Although the IMF used in the analysis contains contributions from
two modes, only one mode is present in the signal at any point in time. In contrast,
the impulse response function may contain contributions from both modes over
the same time period. This example demonstrates some potential benefits of the
HHT for extracting modal parameters from aeroelastic data.

9. Conclusions

Application of the Hilbert-Huang algorithm for system signal decompositions,
studying the effect of enhancements such as local /on-line behavior, understanding
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TABLE 5. Actual and estimated (Est) damped frequencies (Hz)
and damping ratios.

Velocity (m/s) wg  Est wy ¢ Est ¢
1 Plunge | 2.765 2.735 .0854 .0874
Pitch | 1.027 1.022 .0441 .0444
3 Plunge | 2.739 2.709 .0855 .0881
Pitch | 1.057 1.050 .0503 .0490
5 Plunge | 2.684 2.655 .0862 .0895
Pitch | 1.119 1.096 .0553 .0591
7 Plunge | 2.595 2.567 .0877 .0926
Pitch | 1.217 1.214 .0590 .0579
9 Plunge | 2.454 2.452 .0906 .0957
Pitch | 1.366 1.362 .0607 .0637

11 Plunge | 2.198 - .1012 -
Pitch | 1.628 1.619 .0544 .0544

11.5 Plunge | 2.073 - 1174 -
Pitch | 1.755 1.744 .0392 .0394

11.6 Plunge | 2.040 - 1262 -
Pitch | 1.788 1.775 .0305 .0305

11.7 Plunge | 2.009 - .1392 -
Pitch | 1.819 1.806 .0176 .0177

11.8 Plunge | 1.984 - .1552 -
Pitch | 1.844 1.831 .0016 .0017

11.9 Plunge | 1.967 - 1713 -
Pitch - - -.0145 -.0146

filtering properties, and especially for investigating correlations between input-
output and between system sensors in terms of instantaneous properties, is re-
vealed. System input-output signal analysis is introduced to characterize the time-
varying amplitude and frequency components of multiple data channels, including
input-to-output and distributed sensors, in terms of the intrinsic mode functions
(IMFs) of the Hilbert-Huang transform (HHT). Significant departures from Fourier
and other time-frequency or time-scale wavelet approaches are exposed. In these
respects, this paper attempts to show how the HHT behaves in a sometimes non-
intuitive and subtle manner in the analysis of F/A-18 Active Aeroelastic Wing
(AAW) aircraft aeroelastic flight test data. Online stability analyses and modal
identification are also presented. Examples are given using aeroelastic test data
from the F/A-18 Active Aeroelastic Wing aircraft, an Aerostructures Test Wing,
and pitch-plunge simulation.

An objective signal-adaptive basis function derivation, the Hilbert-Huang al-
gorithm yields intrinsic mode functions giving instantaneous frequencies as func-
tions of time that permit identification of embedded structures. There is a mul-
tiresolution quality in the empirical mode decomposition process which even deals
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FIGURE 19. Actual and estimated damping ratios.

with intermittency by allowing multiple time-scales within an intrinsic mode func-
tion, but not allowing a similar time-scale simultaneously with other IMFs. System
identification in the IMF sub-component environment is a practical endeavor in
the domain of multiresolution system identification. It should be noted that the
idea of exploiting local properties for signal analysis applies to spatial data as well
as temporal data with frequency and scale (translation and duration) variations.
From the idea of empiquency to describe oscillations in images based on extrema
points there are potential applications for general time-space-frequency-scale signal
processing.

Modern intelligent control and integrated aerostructures require control feed-
back signal processing cognizant of system stability and health. Time-varying lin-
ear or nonlinear modal characteristics derived from flight data are all within the
realm of HHT. Further research will investigate these issues and HHT connections
between localized instantaneous dynamics, health diagnostics, and global system
stability and performance for monitoring and prediction.
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for Nonlinear and Nonstationary Time Series:
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and Hilbert Spectral Analysis

Norden E. Huang

Abstract. An adaptive data analysis method, the Empirical Mode Decom-
position and Hilbert Spectral Analysis, is introduced and reviewed briefly.
The salient properties of the method is emphasized in this review; namely,
physical meaningful adaptive basis, instantaneous frequency, and using intra-
wave frequency modulation to represent nonlinear waveform distortion. This
method can perform and enhance most of the traditional data analysis task
such as filtering, regression, and spectral analysis adaptively. Also presented
are the mathematical problems associated with the new method. It is hope
that this presentation will entice the interest of the mathematical community
to examine this empirically based method and inject mathematical rigor into
the new approach.
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1. Introduction

Data analysis is necessary for science and engineering, for data is the only link
we have with the reality. Consequently, data analysis serves two purposes: First,
it provides validation of our theories or models. Second, it provides the guide of
the underlying mechanisms as a base for discovery, creation or improvements of
the theories and models. Either way, the data contains information we are seeking;
the goal of data analysis is to find the information in the data. The common tasks
involved in data analysis are finding the distributions, filtering, time-frequency,
regressions and error analyses. Even on the limited scope of filtering to cleanse the
data of unwanted noise, we still face with the daunting task of determining which
part of the data is noise and which part is valid information. In the filtering process
we should only eliminate the noise, but not degrade the information. As we do not
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have a complete knowledge base of the underlying mechanisms for most of the
physical problems we face today, we should inject as little subjective specifications
as possible in the process of data analysis, so that we do not prejudice the results.
A truly objective data analysis method should be adaptive to the data and let the
data set speaks for itself.

Traditional time-frequency analysis methods, however, all follows the well
established mathematical rules: the methods all start with a definition of basis,
and convolve the signal with the basis to get amplitude and frequency either for
distributions or for filtering. Such an approach has the great advantage of having
a solid mathematical foundation. Once the algorithm is established, data analysis
can go forward mechanically. Unfortunately, within the comfortable fold of solid
mathematic foundation, the methods can not be adaptive at all. Furthermore, this
well trodden path also restricts the methods developed under this paradigm to
linear and stationary assumptions.

As data can come from all sources ranging from relatively well established
physical sciences, to complicated biologic processes and social-economic phenom-
ena., most of the driving mechanisms are so complicatedly intertwined and inter-
acting that the data we obtained are also highly variable, not only from one case
to another but also from time to time even limited to one single case. In other
words, we have to face data from nonlinear and nonstationary processes. This
requirement is known for a long time, but remedy is slow to come. To accommo-
date for data from nonstationary processes, we have met more success. Methods
(see for example, Flandrin, 1999) such as spectrogram, Wigner-Ville distribution,
Wavelet analysis are all examples. To accommodate for data from nonlinear pro-
cesses, however, our progress has been very slow. The available methods (see, for
example, Tong, 1990, Krantz and Schreiber, 1997 and Diks, 1998) are limited to
handle data from deterministic low dimensional chaotic systems.

Even for data from nonstationary processes, the available methods are also
limited to linear systems, for the methods were mostly based on the well estab-
lished a priori basis approach, where all the analysis is based on convolution of
the data with the established basis. This powerful mathematical tool, unfortu-
nately, has drained all the physics out of the analyzed results, for any a priori
basis could not possibly fit all the variety of data from drastically different under-
lying driving mechanisms. Any misfit will automatically be assigned to the various
orders of harmonics with respect to the selected basis. Though results so obtained
satisfy the mathematical requirements, they lack physical meaning. Furthermore,
the convolution processes involve integration, which make the results suffering the
limitation imposed by the uncertainty principle, and preventing us from examine
the details of the data and their underlying mechanisms.

Let us take a simple example to examine the characteristics of data from a
nonlinear system. Consider the Duffing equation without damping given as

d2
Wf + x + ex® = v coswt, (1.1)
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where ¢ is a parameter, not necessarily small; v is the magnitude of the driving
force. We can easily rewrite this equation slightly as follows:

d*x 9
ﬁ—i—x(l—i—ax):'ycoswt. (1.2)

If we treat the quantity in the parenthesis as a single number designated as L:

L =1+ e2? (1.3)

then the quantity L can be treated as the pendulum length or the spring con-
stant. Either way, L changes with position; therefore, the frequency of the system
should also change with position even within one oscillation period. Such intra-
wave frequency modulation is the special characteristics of a nonlinear system; and
it requires a detailed frequency representation that is unattainable form a priori
basis approach. For example, following the classic perturbation analysis by impos-
ing a linear structure on a nonlinear system, one would find the solution consisted
of endless harmonics. The effect of the harmonics is to find enough sinusoidal
components to fit the deformed final waveform, commonly known as harmonic
distortions. It is well know that each term in this perturbation solution does not
have physical meaning, only the totality of all the terms represents the physics.
But using any a priori basis analysis, one would inevitably obtain a collection of
the harmonics of one form or the other depending on the basis function selected;
thus rendered the interpretation of spectral analysis problematical. The harmon-
ics representation here is a poor substitute of the detailed instantaneous frequency
description of the intra-wave frequency modulation. But such a detailed descrip-
tion will call for a drastic new approach. In fact to describe intra-wave frequency
modulation, we cannot use a priori basis approach. An easy alternative is to use
the Hilbert Transform, which is defined as

sy = Lp [ AT (1.4

in which z(t) is the given function of Lp class, y(t) is the Hilbert transform, which
is the complex conjugate of x(t), and P indicates the principal value of the singular
integral. As y(t) is the complex conjugate, we have

2(t) =x(t) + jylt) = a(t)e!?, (1.5)
where

1Y

)1/2 i 0(t) = tan” z (1.6)

a(t) = (:c2 + 9P

Here a is the instantaneous amplitude, and 6 is the phase function; thus the in-
stantaneous frequency, with the stationary phase approximation, is simply



366 N.E. Huang

do

w= - (1.7)

This definition also coincides with the classical wave theory. This definition

of instantaneous frequency is indeed local, for it is defined through differentiation
rather than integration. Therefore, the resulting instantaneous frequency should
be able to describe the intra-wave frequency modulation. This approach has been
recommended by Hahn (1996) for applications signal processing. Unfortunately,
this straightforward and simple-minded approach does not work at all. Although
the Hilbert transform is valid under a very general condition, for the instantaneous
frequency derived from the above approach to make physical sense, the function
has to be ‘'mono-component’ as discussed by Cohen (1995) and Huang et al. (1998,
1999). This has been illustrated by Huang et al (1998) with a simple function as

z(t) = a + cos at, (1.8)

with a as an arbitrary constant. Its Hilbert transform is simply

y(t) = sin at; (1.9)

therefore, the instantaneous frequency according to Equation (7) is

L (1 + asin o) - (1.10)
1+ 2a cos at + a?

Equation (10) can give any value for the instantaneous frequency, depending
on the value of a. In order to recover the frequency of the input sinusoidal signal,
the constant has to be zero. This simple example illustrates a crucial condition for
the Hilbert Transform approach to work here: The function will have to be zero
mean locally. This seemingly trivial condition has created great misunderstanding,
which has prompted Cohen (1995) to list a number of ’paradoxes’ concerning
instantaneous frequency. Some of the paradoxes concerning negative frequency are
direct consequence of this condition.

Another obvious consequence of this condition is the difficult experience by
all previous attempts to use the Hilbert transform: how to reduce or decompose
an arbitrary function to a 'mono-component’ one with local zero mean? And more
fundamentally, if the function is nonstationary, how can one find the local mean?
These difficulties have forced the past applications of Hilbert transform to extract
a narrow band component with a band-pass filter on the original data (Melville,
1983). As the band-pass filter is a linear operator, any signal passing through it
will lost all its "harmonics’, and suffer deformation of the fundamental wave shape.
Such approach certainly satisfies the condition demanded by the instantaneous
frequency computation through Hilbert transform; it has unwittingly drained some
interesting information form the data, the nonlinear characteristics associated with
the signal.
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With all these difficulties, the real applications of Hilbert transform will have
to wait for the development of the Empirical Mode Decomposition (EMD) (Huang
et al. 1998, 1999, 2003). Together with the Hilbert Spectral Analysis (HSA), the
combination established a new adaptive time-frequency analysis method.

2. The Empirical Mode Decomposition and Hilbert Spectral
Analysis

The details of both Empirical Mode Decomposition (EMD) and the Hilbert Spec-
tral Analysis (HSA) are given in Huang et al. (1996, 1998 and 1999). The follow-
ing summary is based on a simplified version given in Huang (2005). The EMD
method is necessary to reduce any data from nonstationary and nonlinear processes
into simple oscillatory function that will yield meaningful instantaneous frequency
through the Hilbert transform. Contrary to almost all the previous decomposing
methods, EMD is empirical, intuitive, direct, and adaptive, with the a posteriori
defined basis based on and derived from the data. The decomposition is designed
to seek the different simple intrinsic modes of oscillations in any data based on
the principle of scale separation. The data, depending on it complexity, may have
many different coexisting modes of oscillation at the same time. Each of these
oscillatory modes is represented by an Intrinsic Mode Function (IMF) satisfying
the following conditions:

(a) in the whole data set, the number of extrema and the number of zero-
crossings must either equal or differ at most by one, and

(b) at any point, the mean value of the envelope defined by the local maxima
and the envelope defined by the local minima is zero.

The IMF is a counter part to the simple harmonic function, but it is much
more general: instead of constant amplitude and frequency, IMF can have both
variable amplitude and frequency as functions of time. This definition is inspired
by the simple example of constant plus sinusoidal function given above. The total
number of the IMF components is limited to in, N, where N is the total number
of data points. It satisfies all the requirements for a meaningful instantaneous
frequency through Hilbert transform.

Pursuant to the above definition for IMF, one can implement the needed
decomposition of any function, known as sifting, as follows: Take the test data;
identify all the local extrema; divide the extrema into two sets: the maxima and
the minima. Then connect all the local maxima by a cubic spline line to form
an upper envelope. Repeat the procedure for the local minima to form a lower
envelope. The upper and lower envelopes should encompass all the data between
them. Their mean is designated as m;, and the difference between the data and
my is designated as, hi, a proto-IMF:

X(t) — my = hl. (21)
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Ideally, h1 should satisfy the definition of an IMF by construction of hl
described above, which should have made it symmetric and having all maxima
positive and all minima negative. Yet, in changing the local zero from a rect-
angular to a curvilinear coordinate system some inflection points could become
additional extrema. New extrema generated this way actually reveal the hidden
modes missed in the initial treatment. The sifting process sometimes can recover
signals representing low amplitude riding waves with repeated siftings.

The sifting process serves two purposes: to eliminate riding waves, and to
make the wave profiles more symmetric. While the first condition is absolute nec-
essary for Hilbert transform to give a meaningful instantaneous frequency, the
second condition is also necessary in case the neighboring wave amplitudes having
too large a disparity. As a result, the sifting process has to be repeated many
times to reduce the extracted signal an IMF. In the subsequent sifting process, hl
is treated as the data for the next round of sifting; therefore,

hi — mi1 = hi . (2.2)
After repeated sifting, up to k times, hyg:

hl(k—l) — Mg = hlk- (2.3)

If A1, becomes an IMF, it is designated as c¢;:

c1 = hlk; (2.4)

the first IMF component from the data. Here we have a critical decision to make:
when to stop. Too many rounds of sifting will reduce the IMF to FM page criterion;
to few rounds of sifting will not have a valid IMF. In the past, two different criteria
have been used: The first one was used in Huang et al. (1998), based on a Cauchy
type of convergence test. Specifically, the test is to require the normalized squared
difference between two successive sifting operations defined as

T
> w1 (t) — hi(t)]
SD;, = =0 : (2.5)

T
poLTa0

to be small. If this squared difference, SDy, is small than a predetermined value, the
sifting process will be stopped. Though this criterion is rigorous, it is very difficult
to implement, for this criterion does not depend on the definition of the IMF's. The
squared difference might be small, but there is no guarantee that the function will
have the same numbers of zero-crossings and extrema, a necessary for a meaningful
instantaneous frequency through Hilbert transform. These shortcomings prompted
Huang et al. (1999 and 2003) to propose an alternative based on the agreement
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of the numbers of zero-crossings and extrema. Specifically, an S-number is pre-
selected. The sifting process will stop only if S consecutive times the numbers
of zero-crossings and extrema stay the same, and are equal or at most differ by
one. This second choice is not without its difficulty: how to select the S number.
Obviously, any selection is ad hoc, and a rigorous justification is needed. But in
Huang et al. (2003), they found the optimal S number to be around 4 to 8 for a
variety of data sets. Such a selection could be used as a guide. Even if one chooses
to eschew such an arbitrary selection, and ensemble of S number could give an
ensemble mean of the various selection as shown in Huang et al (2003), which is
even more meaningful.

With either stoppage criterion, the, cIshould contain the finest scale or the
shortest period component of the signal. We can, then, remove cIfrom the rest of
the data by

X(t) — Cl =T1. (26)

Since the residue, 7, contains all longer period variations in the data, it is
treated as the new data and subjected to the same sifting process as described
above. This procedure can be repeated to all the subsequent r;’s, and the result is

rE — C2 = T2,
(2.7)

Thn—1 — Cp = Tn

The sifting process should stop when the residue, r,, becomes a constant, a
monotonic function, or a function contains only a single extrema, from which no
more IMF can be extracted. Even for data with zero mean, the final residue still
could be different from zero. If the data have a trend, the final residue should be
that trend. By summing up Equations (16) and (17), we finally obtain

X (@) = i cj + Th. (2.8)
j=1

Thus, sifting process produces a decomposition of the data into m-intrinsic
modes, and a residue, r,,. When apply the EMD method, a mean or zero reference
is not required; EMD only needs only the locations of the local extrema. The sifting
process generates the zero reference for each component. Without the need of the
zero reference, EMD avoids the troublesome step of removing the mean values for
the large non-zero mean.

Two special notes here deserve our attention. First, the sifting process offered
a way to circumvent the difficulty of define the local mean in a nonstationary
time series, where no length scale exists for one to implement the traditional
mean operation. The envelope mean employed here does not involve time scale;
however, it is local. Second, the sifting process is a Reynolds-type decomposition:
separating variations from the mean, except that the mean is a local instantaneous
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mean, so that the different modes are almost orthogonal to each other, except for
the nonlinearity in the data.

Recent studies by Flandrin et al. (2004) and Wu and Huang (2004) estab-
lished that the EMD is equivalent to a dyadic filter bank, and it is also equivalent
to an adaptive wavelet. Being adaptive, we have avoided the shortcomings of using
any a priori-defined wavelet basis, and also avoided the spurious harmonics that
would have resulted. The components of the EMD are usually physically mean-
ingful, for the characteristic scales are defined by the physical data.

Having established the decomposition, we can also identify a new use of the
IMF components as filtering. Traditionally, filtering is carried out in frequency
space only. But there is a great difficult in applying the frequency filtering when
the data is either nonlinear or nonstationary or both, for both nonlinear and
nonstationary data generate harmonics of all ranges. Therefore, any filtering will
eliminate some of the harmonics, which will cause deformation of the data filtered.
Using IMF, however, we can devise a time space filtering. For example, a low pass
filtered results of a signal having n-IMF components can be simply expressed as

Xi (8) = D ¢ + rns (2.9)
k

a high pass results can be expressed as

k
Xne (8) = D ¢ (2.10)
1

and a band pass result can be expressed as

Xor (8) = ) ¢ (2.11)

The advantage of this time space filtering is that the results preserve the full
nonlinearity and nonstationarity in the physical space.

Having obtained the Intrinsic Mode Function components, we can compute
the instantaneous frequency for each IMF component as the derivative of the phase
function. And we can also designate the instantaneous amplitude from the Hilbert
transform to each IMF component. Finally, the original data can be expressed as
the real part, RP, of the sum of the data in terms of time, frequency and energy as:

X(t) = RPY_ aj(t) et f st (2.12)

j=1
Equation (22) gives both amplitude and frequency of each component as a
function of time. The same data, if expanded in a Fourier representation, would
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have a constant amplitude and frequency for each component. The contrast be-
tween EMD and Fourier decomposition is clear: The IMF represents a generalized
Fourier expansion with a time varying function for amplitude and frequency. This
frequency-time distribution of the amplitude is designated as the Hilbert Ampli-
tude Spectrum, H(s, t), or simply the Hilbert spectrum.

From the Hilbert spectrum, we can also define the marginal spectrum, h(sn), as

hw) = [ Hw,t)dt. (2.13)
0

The marginal spectrum offers a measure of total amplitude (or energy) con-
tribution from each frequency value. It represents the cumulated amplitude over
the entire data span in a probabilistic sense.

The combination of the Empirical Mode Decomposition and the Hilbert Spec-
tral Analysis is designated by NASA as the Hilbert-Huang Transform (HHT) for
short. Recent studies by various investigators indicate that HHT is a super tool for
time-frequency analysis of nonlinear and nonstationary data (Huang and Attoh-
Okine, 2005, Huang and Shen, 2005). It is based on an adaptive basis, and the
frequency is defined through the Hilbert transform. Consequently, there is no need
for the spurious harmonics to represent nonlinear waveform deformations as in
any of the a priori basis methods, and there is no uncertainty principle limitation
on time or frequency resolution from the convolution pairs based also on a priori
bases. A summary of the comparison between Fourier, Wavelet and HHT analyses
is given in Table 1.

After this basic development of the HHT method, there are some recent devel-
opments, which have either added insight to the results or enhanced the statistical
significance of the results. Some of the recent developments are summarized in the
following section.

3. An Alternative View on Nonlinearity

Having presented the Hilbert spectral analysis, we will explore the alternative view
of Hilbert analysis on nonlinearity effects in the data. When one decomposing any
data with an a priori basis, an inevitable consequence is to have harmonics, which
are mathematic artifacts rather than physical entities. Take the water surface
waves as an example, which are certainly nonlinear. Therefore, in the traditional
view, we have to employee harmonics of the fundamental to fit the nonlinearly
distorted profile. Yet, all of the harmonics are not dispersive; they are all bounded
waves and have to propagate at the same phase speed as the fundamental. As a re-
sult, the wave spectra of water waves based on Fourier analysis is an entangled and
inseparable mixture of bounded and free waves. Thus it makes the interpretation
of the spectrum extremely difficult for any range other than the energy containing
part (see, Huang, et al., 1998, 1999). The intra-wave modulation through Hilbert
spectral analysis offers a physically meaningful alternative. A simple example as
given by Huang et al (1998) is the mathematic model,
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TABLE 1. Comparisons between Fourier, Wavelet and Hilbert-
Huang Transform in Data analysis.

Fourier Wavelet Hilbert

Basis a priori a priori Adaptive

Frequency Convolution: Convolution: Differentiation:
Global, Uncer- | Global, Uncer- | Local, Certainty
tainty tainty

Presentation | Energy- Energy-time- Energy-time-
frequency frequency frequency

Nonlinear No No Yes

Non- No Yes Yes

stationary

Feature No Discrete: no Con- | Yes

extraction tinuous: yes

Theoretical Theory Theory Empirical

base

z(t) = cos(at + ¢ sin 2at), (3.1)
which has an intra-wave modulated instantaneous frequency of
w(t) = a (1+ 2ecos at ). (3.2)

This frequency truthfully depicts the behavior of the oscillator. Yet using
Fourier representation the data would have to be decomposed into the fundamental
and harmonics as

z(t) = (1— %) cos at + % cos 3at + ... (3.3)

Although the two representations are equally valid mathematically, the intra-
wave approach is obviously more physically meaning. For more complicated cases,
examples can be found in Huang et al (1998, 1999).

4. The Recent Developments

After considering the basics of HHT analysis, some recent developments in the
following areas will be discussed in some details:

4.1 The Normalized Hilbert Transform

4.2 Confidence Limit

4.3 Statistical Significance of IMFs
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4.1. The Normalized Hilbert Transform

It is well known that, although the Hilbert transform exists for any function of Lp
class, the phase function of the transformed function will not always yield physi-
cally meaningful instantaneous frequencies. The limitations have been summarized
succinctly in two theorems:

First, in order to separate the contribution of the phase variation into the
phase and amplitude parts, the function have to satisfy the limitation stipulated
in the Bedrosian theorem (1963), which states that the Hilbert transform for the
product of two functions, f(t) and h(t), can be written as

H[f({)h(t)] = f(&) H[A{)], (4.1)

only if the Fourier spectra for f(¢) and h(t) are totally disjoint in frequency space,
and the frequency content of the spectrum for h(t) is higher than that of f(t). This
limitation is critical, for we need to have

Hla(t) cos 6(t) ] = a(t) H[cos 0(t)] , (4.2)

otherwise, we cannot use Equation (6) to define the phase function, for the ampli-
tude variation would mix with the phase function. Bedrosian theorem requires that
the amplitude is varying be so slowly that the frequency spectra of the envelope
and the carrier waves are disjoint. This is possible only for trivial cases, for unless
the amplitude is constant, any local deviation can be considered as a sum of delta-
functions, which has a wide white spectrum. Therefore, the spectrum for varying
amplitude would never be totally separate from that of the carrier. This limitation
has made the application of the Hilbert transform even to IMFs problematic. To
satisfy this requirement, Huang and Long (2003) have proposed the normalization
of the IMFs in the following steps: Starting from an IMF, one first finds all the
maxima of the IMFs, defining the envelope by spline through all the maxima, and
designating the envelope as E(t). Now, normalize the IMF by dividing the IMF
by E(t). Thus, we have the normalized function having amplitude always equal to
unity. Thus we have circumvented the limitation of Bedrosian theorem.

Then, there is the new restriction given by the Nuttall theorem (1966), which
stipulates that the Hilbert transform of cosine is not necessarily the sine with the
same phase function for a cosine with an arbitrary phase function. Nuttall gave an
energy based error bound, F, defined as the difference between y(t), the Hilbert
transform of the data, and Q(%), the quadrature (with phase shift of exactly 90a)
of the function as

T 0
AE = [lyt) — QP dt = [ S,(w)dw, (4.3)
J /

in which S, is Fourier spectrum of the quadrature function. Though the proof of
this theorem is rigorous, the result is hardly useful, for it gives a constant error
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bound over the whole data range. With the normalized IMF, Huang and Long
(2003) have proposed a variable error bound based on a simple argument, which
goes as follows: compute the difference between squared amplitude of the nor-
malized IMF and unity. If the Hilbert transform is exactly the quadrature, the
difference between it and unity should be zero; otherwise, the Hilbert transform
cannot be exactly the quadrature. Consequently, the error can be measured sim-
ply by the difference between the squared normalized IMF and unity, which is a
function of time. Huang and Long (2003) and Huang et al. (2005) have conducted
detailed comparisons and found the result quite satisfactory.

Even with the error indicator, we can only know that the Hilbert transform is
not exactly the quadrature; we still do not have the correct answer. This prompts
a drastic alternative, eschewing the Hilbert transform totally. An exact quadrature
has been found (Huang et al., 2005), and it would resolve the difficulties associated
with the instantaneous frequency computation.

4.2. The Confidence Limit

The confidence limit for the Fourier spectral analysis is based on the ergodic theory,
where the temporal average is treated as the ensemble average. This approach
is only valid if the processes are stationary. Huang et al. (2003) has proposed
a different approach by utilizing the fact that there are infinite many ways to
decompose one given function into difference components. Using EMD, we can still
obtain many different sets of IMF's by changing the stoppage criteria by changing
the S-number. The confidence limit so derived does not depend on the ergodic
theory.

From the confidence limit study, Huang et al. (2003) also found the optimal
S-number, when the differences reach a local minimum. Based on their limited
experience from different data sets, they concluded that an S-number in the range
of 4 to 8 performed well. Logic also dictates that the S-number should not be too
high (which would drain all the physical meaning out of the IMF), nor too low
(which would leave some riding waves remaining in the resulting IMF's).

4.3. The Statistical Significance of IMF's

The EMD is a method to separate the data into different components by their
scales. There is always the question: On what is the statistical significance of the
IMFs based? In data containing noise, how can we separate the noise from in-
formation with confidence? This question was addressed by both Flandrin et al.
(2004) and Wu and Huang (2004) through the study of signals consisting of noise
only. Using white noise, Wu and Huang (2004) found the relationship between
the mean period and RMS values of the IMFs. Furthermore, from the statistical
properties of the scattering of the data, they found the bounds of the data distri-
bution analytically. They concluded that when a data set is analyzed with EMD,
if the mean period-RMS values exist within the noise bounds, the components
most likely represent noise. On the other hand, if the mean period-RMS values
exceed the noise bounds, then those IMFs must represent statistically significant
information.
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5. Mathematical Problem Associated with HHT

HHT is an empirically based method. This limitation is not severe when we con-
sider it as a data analysis tool, for all the data are empirical values without analytic
expressions anyway. We are at the stage of the wavelet analysis in the earlier 80s:
producing useful results but waiting for mathematical foundation to rest our case.
The outstanding mathematical problems, as listed by Huang (2005), are sum-
marized here. We hope the mathematicians working in wavelet analysis will be
interested in this new alternative and help as follows:

A. Adaptive data analysis methodology in general

B. Nonlinear system identification methods

C. Prediction problem for nonstationary processes (end effect)

D. Spline problem (best spline implement of HHT, convergence and 2-D)

E. Optimization problem (the best IMF selection and uniqueness)

F. Approximation problem (Hilbert transform and quadrature)

G. Miscellaneous questions concerning the HHT

6. Conclusions

The combination of EMD and HSA has provided an adaptive method to analyze
nonstationary and nonlinear time series. It can perform and enhance most of the
traditional data analysis tasks, such as filtering, regressions, and spectral analysis
adaptively. Although adaptive signal analysis is long sought goal for the engi-
neering community (Windrows and Stearns, 1985), the requirement here is much
more stringent: we have to deal both nonlinearity and nonstationarity; therefore,
the simple feedback method used for stationary processes would not be sufficient.
This stringent requirement has put the new method on an empirical base at the
present time. As far as data analysis is concerned, the lack of analytic expression
would not be a problem, for none of the data came in analytical form anyway.
Nevertheless, a purely empirical approach will certainly present a problem for a
rigorous mathematical proof of the validity of the method. It is an earnest hope
that the usefulness of the method will eventually interested the mathematicians to
examine the method critically and constructively, so that the method will find its
mathematical foundation established rigorously similar to what Daubechies (1992)
had done for the Wavelet analysis.
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